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INTRODUCTION. 



The following definitions will be used not only on account of their 
historic importance, but also on account of their adoption in the lit- 
erature of mathematics. As far as possible these definitions have 
been taken verbatim from their original authors. 

Prismoid. — Charles Hutton in his work upon mensuration (1770), 
published at Newcastle-upon-Tyne, gave the following definition : 
" A prismoid is a solid having for its ends any dissimilar plane fig- 
ures of the same number of sides, and all the sides of the solid plane 
figures. It is evident that the sides of this solid are all trapezoids. If 
the ends of the prismoid be bounded by curves, as ellipses, etc., the 
number of its sides or trapezoids will be infinite, and it is then called, 
sometimes, a cylindroid." In brief, then, Hutton's definition is that 
a prismoid is a solid whose parallel bases are polygons of the same 
number of sides and whose side faces are trapezoids. 

The term prismatoid was introduced by Wittstein in i860 in " Das 
Prismatoid, eine Erweiterung der elementaren Stereometric" It was 
defined as a polyhedron with any two parallel polygonal bases, and 
whose side faces are triangles formed by joining the vertices of the 
bases, so that each line in order forms a triangle with the preceding 
line and one side of either base. The prismatoid is thus a special 
case of the prismoid, i.e., when one side of the side trapezoid becomes 
zero. 

When the bases are closed curves in parallel planes and the man- 
tle is generated by a straight line that moves on the two curves as 
directors and which finally returns to its initial position from the op- 
posite side from which it started, it generates a ruled surface which 
can be called a cylindroid. 

As the theorem of Koppe will be referred to, we append here his 
definition of a prismoid (obelisk) : *' A body which is determined by 
two parallel polygons as bases and by trapezoids as side faces shall 
receive the name of obelisk" 

If a line passes through a fixed point in the plane of one of the 
bases of the prismoid (cylindroid) and moves so that it is always 

iii 



IV INTRODUCTION. 

parallel to the generating line of the prismoid (cylindroid), it will 
cut out between the bases a pyramid (cone) which is called the asso- 
ciate pyramid (cone). 

The mean area of a prismoid is an area which being multiplied by 
the height (or altitude) gives the volume. 

It would be sufficient to group all these solids (prismoids, prisma- 
toids) under the general name of prismoid. When we use the term 
prismoidal formula it carries with it the general meaning. 

The honor of having demonstrated the rule for finding solidity of 
the prismoid has been ascribed to Thomas Simpson (1750) by some 
writers; but in reality it is due to Newton ("Methodus Differen- 
tialis," 171 1). Newton stated that the volume could be found by 
multiplying the sum of the bases and four times the mid-section by 
one-sixth of the altitude when any cross-section is a cubic function 
of the distance from the section from which the volume is reckoned. 
Of course this applies to all solids whose cross-sections are quad- 
ratic, linear, or constant functions of their distances from the refer- 
ence section. 

It is probable that the confusion that has arisen as to the priority 
of discovery of the prismoidal formula is due to the fact that Simp- 
son's rule is similar in form and equivalent in process of derivation 
to the prismoidal formula. Both formulae are for finding the sum 
of all values of any variable iy) that is a quadratic function of some 
other variable (x) between certain limits, a and b t of x. 

In 1770 Charles Hutton, in his work alluded to above, gave 
another demonstration of the formula. Hutton called this his gen- 
eral rule, and he also derived a particular rule. The latter he stated 
virtually as follows : Let a and b be the sides of one rectangular 
base ; c and d, the sides of the other rectangular base ; h % its altitude, 
and v t its volume; then 



' = gf(a« + 0* + <* + «xl. 



In commenting on the scope and applicability of the general rule, 
he remarks that " this rule will serve to find the volume of any pris- 
moid or cylindroid of whatever figure the end may be." Later in 
his work (p. 457) he shows that this general rule applies to the 
frusta of all solids generated by the revolution of a conic section 
about a straight line and to all solids whose sections are similar fig- 
ures. This statement was made by Simpson twenty years before. 

The next advance was made by the discovery and proof of what 
we call the associate formula. The priority of discovery of this 
formula belongs to Meier Hirsch, who published it in his " Sammlung 

* Ellwood Morris, Measurement of Earthwork, 1871. 
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Geometrischer Aufgaben " in 1807. The theorem as enunciated by 
Hirsch is as follows : The contents of every body that is circum- 
scribed by two parallel bases of an equal number of sides and by as 
many oblique (sloping) quadrilaterals as each of the bases has sides 
is equal to the remainder which will be obtained if from the product 
of the sum of the two bases and the half altitude the sum of the 
products of each two successive projections of its side lines into the 
sines of its positive or negative angles of incidence by the twelfth 
part of the altitude be subtracted. 

The advent of the railroad acted as a spur upon the active genius 
of mankind in every avocation, and every device for shortening and 
lightening labor was welcomed. It had been fully realized that the 
prismoidal formula was the only formula known that would give the 
exact contents of the earthwork solid by using sections of the pris- 
moid itself, and Sir John MacNeill's Tables (1833) that were based 
upon it were gladly received as another time-saver. 

While the Newtonian formula had been established by analytic 
methods, Steiner (in 1842) demonstrated by elementary geometry its 
applicability to the prismoid in its widest sense. Four years before 
(1838), Karl Koppe published his celebrated formula in Crelle's Jour- 
nal. In (1843) this " New Theorem of Stereometry'' was issued in 
a small pamphlet of 38 pages. 

In the Journal of the Franklin Institute, December 1857, p. 372, 
W. M. Gillespie showed that the Newtonian formula applies to the 
volume of earthwork when the upper surface is generated by a 
straight line moving on two longitudinal straight lines, thus making 
the upper surface a hyperbolic paraboloid. This proof was based 
on elementary principles, but it had really been given long before. 
It can readily be shown that any cross-section is a quadratic function 
of its distance from either base, and therefore the Newtonian for- 
mula applies. Still the method of Gillespie's proof was elegant, and 
it has been widely copied. 

In 1864 Mehler in his " Elementar Mathemaiik," page 121, estab- 
lished the two-term formula where the volume is found by multiply- 
ing one-fourth of the altitude by the sum of either base and three 
times a section at two-thirds the altitude from such base. The 
method of his proof is given in Chap. I. This two-term formula had 
been published by Hermann Kinklin (1862). 

The following is a collection of the principal prismoidal formulae, 
with dates of publication : 

1. Newton's formula, published in 171 1 ; Af= \(B X + 4^ +2?a) ; 

2. Hirsch's " " " 1807: M = l(B x +£*)-\A ; 

3. Koppe's " " " 1838: Af=5i+ &A; 

4. Kinklin's •' " " 1862 : M^^Bi+sT) ; 

5. Echol's •• " " 1894 : M- #S X +Sy) ; 
where x =1(3+ \f$) and y = J(3 - VS)- 
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6. The one-third formula, published in 1895: Af— \(S X + S\ -\-S y \ 
where x = i(2 + ^ and y = \{2 - tfi). 

It is observed that there are three two-term and three three-term 
formulae. Formulae 1 and 5 have a wider and a higher application, as 
they give (as will be seen later) the volume of any solid between par- 
allel planes whose sections are cubic functions of their distance from 
the reference section, 



PREFACE. 



The object of this work is to present a ready method of esti- 
mating the usual quantities in earthwork computations by graphical 
methods and to confine these diagrams to a$ few as possible. The 
method here outlined will apply to the majority of earthwork cal- 
culations, whether the volume is estimated by the Newtonian or 
average end-area formula. As the latter method is only approxi- 
mate even for prismatic solids, the " Earthwork Diagram" will give 
results well within the usual limits of accuracy. 

Another object that has been kept in view was to discover the 
original author of the usual formulae associated with the prismoid. 
It is believed that this has been done, and the honor here ascribed 
to Newton, Hirsch, Koppe, and Kinklin can be verified by history. 

The chapter on two-term formulae was presented as a thesis by 
the writer at Cornell University, in 1895. 

Thos. U. Taylor. 

Austin, Texas, June, 1897. 
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CHAPTER I. 
PRISMOIDAL FORMULAE. 

1. The volume of a prismatoid is equal to the sum of the bases and 
four times the mid-section multiplied by one-sixth the altitude* 

Join any point P in the plane of the mid-section to the vertices of 
each polygonal base. The prismatoid is thus divided into pyramids 
of three classes all having their vertices at P The first class is 




Fig. i. 

composed of P-EFG, having its base in the upper base of the 
prismatoid ; the second class is composed of P-ABCD % having its 
base in the lower base of the prismatoid; and the third class is com- 
posed of those having a vertex at P and their bases the side faces 
ECD % CEF % etc. 
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Let M ' = mean area of prismatoid; 

B\ = area of lower base of prismatoid; 

B% = area of upper base of prismatoid; 

If— altitude of prismatoid; 
and for convenience, P$6 = a ; P6j = b\ PyS = <■; PS2 = </; 7*23 = e\ 
P?A=f\ and ^45=^. 

(1) Volume P-EFG = i base X altitude = \B % H. 

(2) Volume P-ABCD = |base X altitude = \B X H. 

(3) Volume of P-ECD = 4 times volume P-Es6, as they have 
their vertices at the same point, and triangle EDC = 4 times triangle 
£56. 

But volume P'E$b = J altitude X base = J^X ^56 = J#a. 

. \ volume P-ECD = fffi*. 

In the same way volume P-ECF~%Hg\ P-BCF— %Hf, etc. " 

IT 

.\ volume of prismatoid = T-(-#i+^i+4tf+4£+4^-M^-M*+4/+4f)« 
But a + £-|-<: + ^+' +/= mid-section of prismatoid = S\. 

-'• ^=f(A + 4^i + A CD 

2. The volume of a cylindroid can be found by the formula just 
established. Inscribe in each base of the cylindroid a polygon of as 
many sides as possible. Join the vertices of these polygons so as to 
form a prismatoid. Call the bases and mid-section of the prismatoid 
B\ Bt\ and S^'. Then if V represents its volume, we have 

r=*{B l t + 4Si' + B t '). 

Let Af' = mean area of prismatoid. . \ V = HM\ 
As the number of sides of the polygon increases indefinitely, the 
bases and mid-section of the prismatoid approach the bases and mid- 
sections of the cylindroid as their limits. The volume ( V) approaches 
the volume ( V) of the cylindroid as its limit. When two variables 
maintain a constant ratio their limits have the same ratio; hence we 
jiave 

V'-i- M* = H, a constant; 

.-. V+M=If=V'-±-M'. 

.-. limit (*"-J-iI/') = (^-*-^=^ 

*•. volume cylindroid = — (B x + 4^4 + &%)• 
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3. Koppe'i Theorem.*— Every obelisk (prismoid) is equal to the sum 
of a prism and a pyramid each of which has an altitude equal to that of 
the obelisk and whose bases correspond in angles to the bases of the obelisk, 
while the sides of the base of the prism are the half -sums of the sides of the 
obelisk % and the sides of the base of the pyramid are half the differences 
of the corresponding sides of the bases. 

Let ABC-DEF be a triangular prismoid. Draw the mid-section 
789, and through 7 and 8 draw 65 and 14 parallel to CF, and through 
8 draw 283 parallel to AD. Join 12 and 34. The sides of the tri- 
angle 789 are equal to the half-sum of the sides to which they are 



parallel, as they join in the mid-points of the sides of the trapezoids; 
the sides of the triangle B12 are equal to the half-difference of the 
sides to which they are parallel. Let the sides of the triangle ABC 
and I?EFbe indicated by small letters opposite the given angles. 

Now 8 9 = i(« + <0, 87 = «<:+/), 97 = *(' + *)• 

*i =« -*(« + *) = *(«-<0, B2 = \(c-f\ 12 = *(*-*)• 

Volume ABC-DEF = 06-54^-f 8-^21 + 8-^34. 

But volume of prism C16S4F— area 789 X Hi 

and volume of pyramid 8-i?2i = area B21 X \H = pyr. 8-^34. 

,\ volume of prismoid = (789)^+ (i?2i)— X 2 

= (789)/f+ j(B2i). 
* Bin neuer Lehrsatz der Stereometric Von Karl Koppe. 
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Conceive the side faces generated by a line touching the perimeter 
of the polygons in such a manner that while one point on the line 
moves uniformly from E to E, the other moves fromi? to C\ and so 
from ^to D, and from D to E. If a line passes through E (or any 
other point in upper base) and moves so that it is always parallel 
to the generator, it will trace out a pyramid E-BPR % which is called 
the associate pyramid. 

Pyramid E-BRP : 8-^21 :: ~B\ : BE* :: 8 : 1. 

.-. E-BRP = 8(8-^21). 

Let A = base of associate pyramid = 4(i?2i) = PBR. 

.-. £-BPR = ±A/f, 

S-B21 = ^ A II. 

.\ volume prismoid = V = (789)^ -f ^AH. 

Let S\ = mid section 789. 

.-. V = HS k + ivAH= B{S k + hA). 

.'. mean area M = V -+- If =z S± + ^A. ... (2) 

Note that the perimeter of the mid-section equals one-half sum of 
perimeter of bases, and perimeter of mid-section of associate pyramiu 
equals the half-difference of perimeter of bases. 

4. The extension of the formula of Koppe to a prismoid having 
bases of any number of sides is easily accomplished. Let ABCD- 
KGFE % Fig. 3, be a prismoid. Extend any two sides of the upper 
base, as KG and EE, till they intersect in P, and the two sides re- 
spectively parallel to these in the lower base till they intersect in some 
point 5. Join -P5. Now the volume of ABCD-KGIE = volume 
of A5D-KPE less triangular pyramid BCs-PGE. 

Draw the mid-section 6789, and produce 67 and 89 till they inter- 
sect PS in Q. The mid sections of the triangular prisms A$D- 
KPE and BCs-GPE are 708 and \Qg. Through P draw lines Pi, 
P3, P2, and P4 parallel respectively to EA y EB % KD, and GC. Call 
the points where these lines intersect the lower base, 1, 3, 2, and 4. 
Join 12 and 34. Now from the preceding proposition P-125 is 
the associate pyramid for the triangular prism A$D-KP£ % and 
P-345 is the associate pyramid for the prism BsC-PGE. Therefore 
/ , -i234 is the associate pyramid for the prismoid A BCD- KG EE. 

From the preceding proposition we have 

Volume {A$D-EPK\ = H[lQ^ + A(52i)]. 
Volume (BCs-PEG) = H[6gQ + A(534)]. 
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Subtracting, we get 

Volume ABCD-KGFE = ^[6789 + ^,(1234)] 

= H(S k + JjA). 

In the same way we may extend the proposition to a prismoid 
whose bases have any number of sides whatever. Conceive the 
prismoid generated by a straight line starting at GC and moving 
clockwise from position GC to position GD, then from DG to DA' t 
etc. Now suppose a line to pass through any point in the plane of 




Fig. 3. 

the upper base and to be drawn parallel to GC It will in this position 
coincide with P4. Now let this line through P move so that it will 
be parallel to the generator of the prismoid. When this generator 
is at DG the line through P will coincide with PR, and as the 
generator DG moves to DK % the line through P will move from PR 
to P2. The resultant motion through P is 42. In reality it moves 
clockwise a distance 4A' and contra-clockwise a distance Ri, leaving 
the resultant motion = 42. 

5. In 1838 Karl Koppe, Oberlehrer am Gymnasium zu Soest. 
published in Crelle's Journal the theorem that now bears his name. 
In 1843 it was republished in his " Ein neuer Lehrsatz der Stereo- 
metrie," a pamphlet that was intended to be a supplement to all text- 
books on Stereometry. The theorem as enunciated by Koppe was 
as follows : 
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\ " Jeder Obelisk ist.gleich der Summe aus einem Prisma und einer 
Pyramide, wclchc beide mit dem Obelisken gleiche HShe haben, 
und deren Grundflachen in den Winkeln mit den Grundflachen des 
Obelisken libereinstimmen, wahrend die Seiten der Grundflache des 
Prismas den halben Summen und Seiten der Grundflache der Pyra- 
mide den halben Differenzen der gleichliegenden Seiten der beiden 
Grundflachen des Obelisken gleich sind." 

It is thus seen that Koppe's theorem as stated here is confined to 
the prismoid (obelisk). This theorem of Koppe's was easily estab- 
lished as above by elementary geometry for the old piismoid. The 
bases of the prism and pyramid were polygons whose perimeters 
were respectively the half-sum and the half-difference of the perim- 
eters of the bases and whose angles were equal to the correspond- 
ing angles of the bases. 

On page 20 of his " Neuer Lehrsatz " Koppe remarks: "The 
application of our proposition to bodies that are bounded (enclosed) 
by curved side faces does not confine itself to the frustum of a cone, 
but extends to all bodies that have two parallel bases and curved 
side faces that are generated by a straight line which is always on 
the curved lines that circumscribe the bases." 

6. The mean area of a prismatoid is equal to the half -sum of the bases 
less one-sixth of the base of the associate pyramid. 

join any vertex, as B (Fig. 4.), with all the other vertices of the 
bases. 




The prismatoid is composed of pyramid B-EGF (having base in 
upper base of prismatoid); the pyramids E-BCD, E-ADB (having 
their bases in the lower base of the prismatoid); and the tetrahedra 
EE-BC and AB-GE. There are thus three types of solids that 
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make up the prismatoid. We shall first show that the associate 
theorem applies to each class separately. 



Given 



V ■= MH, 



where M — mean area of prismatoid, 
B\ = area of lower base, 
B% = area of the upper base, 
A = area base of associate pyramid. 
(a) In B-EGF, Fig. 5 («), we have 

• V=\HB*. 

But by associate formula 



VB X + B t 1 1 




Fig. 5. 
(b) In F£-BCve have, Fig. 5 (*) 

F = "(Bt +B, + 4 5i) = ^(0 + + 4 S k ) = \HS k . 

But by the associate formula 
r\*. +B* 1 "1 

From Fig. 5 (b) we see that 

BC12 = 4(0**0* 
or ^ = 4^. 
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But the areas adcd and BC12 are described clockwise and contra- 
clockwise, or vice versa. 

.'. A = -4^. 

(c) In E-BCD we have 

V = \8B X . 

By the associate formula, 



r.,[*±*-}/] 



The foregoing investigation is, perhaps, sufficient ; but it will be 
well to follow out the investigation for the prismatoid as a whole. 
Let us assume that the mid-section of each primary solid of the 
prismatoid is as indicated in the second column of the following 
table : 







Base of 








Solid. 


Mid-section. 


Associate 
Pyramid. 


Upper Base. 


Lower Base. 


Volume. 


B-EFG 


d 


Ad 


44 


O 


. 


\Hd 


E-BCD 


e 


4' 





M 


\ 


He 


E-ABD 


f 


\f 





4/ 


■ 


Hf 


GE-BA 


S 


~4g 








■ 


Hg 


FE-BC 


k 


-4k 





O 


i 


\Hk 



The base of the associate pyramid of the prismatoid is thus equal 
to the sum of the upper and lower bases of the prismatoid less the 
base of the associate pyramids of the tetrahedra that have only 
edges in the bases. It is necessary to show that the generator of 
the associate pyramid of the prismatoid graphically sums up these 
individual bases. 

Fig. 6 shows the associate pyramid of the prismatoid of Fig. 4. 
The lower base is drawn complete for reference. By comparing the 
prismatoid and the associate pyramid we see that 

C\ is equal and parallel to FE ; 
21 is equal and parallel to BC\ 
23 is equal and parallel to FG ; 
34 is equal and parallel to AB ; and 
4A is equal and parallel to GE, 
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J 



The parallelograms BC12 and B34A are the bases of associate 
pyramids of the tetrahedra FE-BC and GE-AB. If we subtract 
these parallelograms from 'ABCD and -#23, there is left the base of 
the associate pyramid ADC1234A. 




From the last column of the table we have 



V = ~[8* + %e + 8/+ A g + 4*] 

IT 

= -£-[i2</ + 12* + 12/ - (4^ + 4' 4- 4/" - 4g - 4*)] 
= ~[3^i + 3^* - (4* + 4' + 4/" - 4g - 4*)]. 



But from the third column, 

^ = 4</ + 4* + 4/ - 4^ - 4*; 



y =: --( 3 B l + 3 B, - A) 



7. If in the base of the cylindroid we inscribe polygons, we can 
by joining the vertices of the different polygons with each other 
form a prismatoid. If the number of sides of these polygons be 
indefinitely increased, the bases of the prismatoid gradually ap- 
proach the bases of the cylindroid as a limit, and the base of the 
associate pyramid approaches the base of the associate cone as a 
limit. 
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If V' = volume of prismatoid, 
M' = mean area of prismatoid, 
V = volume of cylindroid, 
M = mean area of cylindroid, 

then the ratio of V to M' is always constant and equal to H ; there- 
fore their limits V and Mha,ve the same ratio. 

• • hmlt of |_— 2 6"^J = 2 6 A * 

8. Koppe's formula can be established for the prismatoid by the 
same method we employed for the associate formula. We must 
bear in mind that the perimeters and areas of sections of the asso- 
ciate pyramid when described contra to those of the bases must be 
treated negatively. 

Refer to Figs. 4, 5, and 6, and table in Art. 6. 

(a) For B>EFG % Fig. 5 (a),we have 

V = \HB*. 

A* +K * -- * 

By Koppe's formula, ^ ^ % ^ 

V = H(Sk +'l$) = ff(d+\d) = \Hd = ±HB % . 
(6) For BC-EF we have 

V = \Hk. 
By Koppe's formula, 

V = H{S k + \T) = H{k - \k) = \Hk. 
(c) For E-BCD we have 

V = i-tftfi. 
By Koppe's formula, 

v = /r^ + vn = /f(' + w = fay = »*»». 

The application of the formula can be extended to the prismatoid 
as a whole. From the last column of the table we have 

V = - t (%d +8^ + 8/+ 4? i4*) 

= j[{6d + 6, + 6/+ 6,f + M) + (ai/+ a* + a/- 2^ - a*)] 
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Its extension to the cylindroid follows as in Art. 7. 

9. The volume enclosed by a parallelogram ACDE t two triangles 
ACB and DCB, and a warped surface ABDE that is generated by 
a straight line PR that moves from position DB to position EA in 
such a manner that the ends at the sects PR move simultaneously 
with uniform velocity, is equal to half the product of the base ABC 
by the altitude CD (Fig. 7). 




Fig. 7. 



If PQ is drawn parallel to DC and QR joined, QR will be parallel 
to BC in every position. Complete the triangular prism ABC-DE3, 
and draw R2 parallel to 2?3, and join P2. PQR2 is a parallelogram. 
Now in every position of PR the section PQR of the solid is half of 
the section (PQR2) of the prism. The volume of the solid is there- 
fore half of the volume of the prism. 

Volume ABC-DE = \ABC X altitude DC 

10. Hirsch's Theorem *. — The volume determined by a parallelogram 
FECD t two triangles EBC and AD F, a quadrilateral A BCD, and a 
warped surface ABEF % generated as in Art. 9, is equal to the product 
of the altitude into the difference of half the base A BCD and one twelfth 
of the product of the projections of the side lines (AF and BE) and the 
sine of their angle of incidence. 

Let altitude EC = H, A BCD = B l , BCP = A. 

Then, by theorem, V - H(\B* - \A). 

* Sammlung geometrischer Aufgabcn. Von Meier Hirsch. Zweiter Thcil. Berlin, 

1870. 
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Through A and (7 draw lines parallel to Z>Cand DA respectively. 
Join PE. The whole solid is thus divided into a wedge APCD-FE ; 




Fig. 8. 

a triangular pyramid E-PCB, and a solid determined by parallelo- 
gram APEF t two triangles PEB and APB, and a warped surface 
ABFE. 

For convenience let area A PCD = * and area APB = y. 

Volume wedge FE-PCAD = \ff(APCD) = iiVjr ; 

Volume pyramid £-/>£# = \H(PCB) = fff^ ; 

Volume of FE-PBA = iffy, (Art. 9.) 

.'. total volume = H(\x -f \y + \A) 

= //(}*+ iv+M-M) 
= H[(\x+y + A)-\Al 
But * +y + A = B,. 

.-. F = //(i^x - i,4). 

Conceive the volume generated by a straight line that moves from 
EB to EC, from EC to FD. from FD to ^4/; from AF to -ff^ in such 
a manner that the generating line divides /!£ and yf 2? proportionally 
etc. Now if we conceive a line which always passes through E % 
and which at first coincides with EB % to keep parallel to the gener- 
ating line, we see that its trace on plane ABCD will be the triangle 
CBP\ that is, BCP is the base of the associate pyramid. The pro- 
jections of the side lines are AD (= PC) and BC. The product of 
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the projections of the side lines on the base into the sine of their 
angle of incidence gives double the base of the associate pyramid. 
That is, 

PC X BC X sin PCB — 2 area PCB = *A. 

.-. V = ff[\B x - &PC X BCsin PCB]. 

11. In Fig. 9 let 13 and 24 be two positions of the generator near 
together. Project the upper base and point P on the lower base in 
65 A and/, and from 1 and 2 drop perpendiculars 16 and 25 on base 




Fig. 9. 

2?i. Join 36 and 45. Let P7 and PS be generators of associate cone 
that are parallel to 13 and 24 respectively. Thus /7 and /8 are 
parallel and equal to 63 and 45. 

Draw chords 12, 65, 34, and 78. The figure 1265 is a parallelogram. 
The volume of solid 12-3456 by former proposition is 

Jf($ area 3456 — J area ^78). 

When 2 moves infinitesimally near 1 the chord 21 coincides with 
arc 12, and the same will be true of the other chords and arcs. Sup- 
pose that in the last position the lines p'] and f>& make a small angle 
6, and let the area of 3456 be represented by x, and let v = volume of 
the solid 12-3456. When 1 and 2 are near together we haye 

v = H\\x- J(*r»0)] 

= ±Hx - -r*Q. 
12 



The volume generated by the triangle 245 as it moves from posi- 
tion 136 around to that position again will be 2v.. 



But 



y=-2(x) -~2, rO). 
2 o 
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Let the lower base ^EFol the cylindroid = B lt and the upper base 

1C2 = 65^ = B t . 

Now 2v = \H2{x) - -A2 r*0], 

o 

and 2x = j?, - ^ 2 , ^(iHG) = ^. 

.-. 2(v) = 1#(A - B t ) - J^4. 

The total volume will be composed of the cylinder and the solid 
generated by the variable triangle 245. 
Volume cylinder = H X B t . 
Volume solid generated by 245 = 2v = \H(Bi — B%) — \HA. 

IT 

,\ total volume of cylindroid 3= HB* + —{B x - HB*) -\HA 



- -D^'-i*} 



(3) 



12. The warped surface ABDE, Fig. 7, may also be generated by 
a line that moves on DB and EA from, position ED to position AB 
in time r, subject to the condition that the end points move with 

velocity of and — respectively. Let a plane be passed through 

a point x one **th of the altitude from ED and parallel to ABC, This 
plane will divide all sects EA, PR, DC, and DB in ratio of 1 to 
(n — 1). In other words, one »th of these sects will be above the 
cutting plane. This plane will intersect PR in some point z where 
PZ is one »th of PR. It will cut the plane of triangle PRQ in a 
line Z4 which is parallel to and one »th of QR, The plane will cut 
triangle BCD in line yy which is parallel to and one nth of CB. 
The plane will cut parallelogram ACDE in a line X47 parallel and 
equal to A C and ED, Therefore 

Z\ : QR: : yy : BC: : 1 : n t 

or Z*:yj : : QR : BC, 

But QR : BC: : AQ : AC : : xj : xj. 

.-. Za : Yy: 1x4: Xj (Z) 

Now as the points x, z, y % 4, and 7 all lie in one plane and have the 
relation (Z). and as ^47 is a straight line, the points x, z, and y are 
also on a straight line. Thus all planes parallel to ABC will cut the 
warped surface in straight lines. The hyperbolic paraboloidal sur- 
face between four lines can thus be generated by a straight moving 
on either pair of opposite sides subject to the conditions of uniform 
velocity already established. 
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13. The volume of any prismatoid (cylindroid) is equal to a prism 
(cylinder) and a pyramid (cone) % the altitude of each being equal to the 
altitude of the prismatoid (cylindroid), and their bases being respectively 
the mid-sections of the prismatoid (cylindroid^ and the associate pyramid 
(cone). 

If the side faces of the solid are warped, the condition that the 
perimeters of the mid-sections of the cylindroid and associate cone 
are equal respectively to the half-sum and the half-difference of the 
perimeters of the bases is no longer true ; and there is no necessity 
for making such restrictions. The theorem as stated above is uni- 
versally applicable to solids of the ruled-surface type. 




Fig. io. 



Let volume FE-ABCD be contained by a parallelogram FECD % 
two triangles A DF and BCE % a quadrilateral A BCD, and a warped 
surface ABFE. We have from Art. io 

V = H(\B-\A\ 
where B = area ABCD, 

and A = area CPB. 

Let a plane 1234 parallel to base A BCD bisect FD f EC, etc. Thus 
1234 will be the mid-section (5|) and 235 will be the mid section of 
the associate pyramid, where DCPA is a parallelogram, and CPB is 
the base of the associate pyramid. 

Now, area DCPA = 2 area 1254, 

area APB = 2 area 354, 
A = area CPB = 4 area 253 = 47'. 
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Adding, we get 

DCPA + APB + CPB = £ = 2 area 1254 + 2 area 354 -f 4T 

= 2(area 1254 -f- area 354 + area 235) -f 2 7\ 

But 1254 + 453 + 253 = S k . 

,\B=2(S k +T). 

Substituting this value of B in the formula for the volume, we get 

V=H(S k +7*-\A) = H< K S k + T-\T) = H{Si + \lX . (2) 

14. Project the area 1234 and the base in CD "76, where 6 and 7 are 
the mid-points of CB and DA respectively. The perimeter of the 
mid section is equal to the perimeter of Dy6C = DC-j- Cb + &7 + °7- 
All the terms of this equality can be obtained as halves of the sides of 
the bases, except the side 67. This cannot be obtained as a simple 
fractional part of Z>Cand AB. If the line EF is parallel to AB % the 
point P falls on AB t and then if 6 and 7 are the mid-points of CB and 
AD (that is, if ABFE is not warped), 67 (= 43) is the half-sum of AB 
and DC, and PB is the difference of ^^and AB t and 53 will become 
the half-difference. 

If AD = PC-b t and CB=za, angle PCS = 0, we have 



= \/(a - ty 



PB = 4/ (a — b)* -f- 4ab sin 8 



2 



16. Let ABC-DEF, Fig. 11, be a solid terminated by two triangular 
bases ABC and DEF and whose mantle is composed of three warped 
surfaces ABDF t BCDE t and ACEF. 

Project the upper base ABC on the plane of the lower base in abc. 
Draw EP and bP parallel to cb and cE respectively, EQ and aQ 
parallel to ac, and cE and aR and DR parallel to bD and ab. Join 
PD y FQ, and FR. Take any point S (Fig. 12) in plane of upper base 
ABC, and draw lines SN, SL % and SG parallel and equal to BD t 
CE, and AF of Fig. 11. S-GNL is the associate pyramid for the 
solid ABC-DEF. From the preceding article the triangles DPb t 
FQa t and FRa are the bases of the associate pyramids for the solids 
CB-DEbc, AC-EFac, and AB-FDab. Draw SM (Fig. 12) parallel 
to Bb (Fig. 11) and let it cut plane of triangle GNL in point M. Join 
MN % ML, and GM. It is clear that SMvtiM be equal to Bb. Now, 
as .SWand SM are parallel and equal to BD and Bb y the triangles 
SMN and ^*Z> are equal. Hence Z>£ =MN. The triangles SA^Z and 
BDP have the sides SA^ and SL parallel and equal to BD and BP. 
Therefore NL is parallel and equal to DP. The triangles MNL and 
DPb have the sides J/Wand A^£ parallel and equal to Db and Z?/' 
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respectively. They are therefore equal and the sides ML and Pb 
are equal and parallel. But Fb is parallel and equal to Ec and Qa, 

A B 




E 
Fig. 11. 
The triangle SGL has its sides SG and SL parallel and equal to AF 
and AQ of AFQ. .*. FQ is parallel and equal to GL. The triangles 

S 




GML and FQa are therefore equal. In the same way we can show 
that triangle GMATls equal to the triangle FaR. Thus the base of 
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the associate pyramid S-GLN is equal to the sum of the bases of 
the associate pyramids of the individual solids composing the entire 
solid. 

Let 123784 and 456 U be the mid-sections of the solid and of the 
associate pyramid. 

From the preceding proposition we have 

Vol. CB-DEcb = J/[i27S + i( #65)]; 
Vol. AC-FEac = ^[2843 + i(£/64)]; 
Vol. AB-FDba = ^[1743 + i( ^45)]. 
And we also know that 

Vol. prism ABC-abt = //(ABC) = H (784). 
Adding, we get 

Vol. ABC-DFE = ^[123 +i(456)] 

16. From the prismatoid it is readily seen that the perimeter of 
the mid-section is the half-sum of the perimeters of the bases; and 
the perimeter of the base of the associate pyramid is the algebraic 
difference of the perimeters of the bases. Note that it is necessary 
to regard all contra-clockwise motion as negative, and all bases thus 
generated. The perimeter of the mid-section of the associate 
pyramid is therefore half the difference of the bases. 

The above form of stating the theorem is adopted as being more 
compact and of more general application than the form in which 
Koppe stated it. 

' 16a. We have already established the associate formula in Arts. 6 
and 7. It can readily be established for Figs. 11 and 12. 

From Art. 10 we have 

Vol. CB-DEbc = H[\(EDbc) - \(DPb)\, 
Vol. AC-FEac = H[$(FEca) - \(FQa)\ t 
Vol. AB-FDab = H\&FDab) - \(FRa)\ % 
Vol. ABC-abc = H (ABC). 

Adding and replacing DPb, FQa, and FRa by their equivalents 
JLA/AT, GML, and GMN % we have 

V = H[\(EDbc + FEca + FDab + ABC) 

-f \ABC - \(LMN + GML + GMN)] 

= //[KB, + B,) - frf]. 
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17. The mean area of prismoid (cylindroid) is equal to one- fourth of 
the sum of either base and three times a parallel section at two-thirds the 
altitude from said base. 

In Fig. 10 let section Imnpq be determined by a plane parallel to 
base DCBA and at the normal distance of two-thirds the altitude 
from the base. 

From Art. 10 we have 



M=\B -\A. 



For convenience let 

x = area of parallelogram lmpq\ 

y = area of triangle pqn; 

z = area of triangle mqn; 

T= Imnp = x + y + *. 

Then we have 

area DCPA = $x; 

area APB = 3y; 

area CPB =9* = A. 
Adding, we get 

B = 3* + W + 9*- 

Substituting this value of B in the expression for (M) t we get 

M= 3* + W + 9* _ 9* 
2 6 

= (3* + 3? + 9*) + 3(* + y + *) 
4 

= i(2? + 3 r) ( 4 ) 

Of course if ABFE is not warped, areas ABP and^ disappear en- 
tirely. In Fig. 11 let T%, T 4t T it and T % be the sections of the 
solids CB-DEbc, AC-FEac, AB-FPab, and ABC-abc at two-thirds 
the altitude from base FDE % and let the bases of these solids 
be B 9t B 4t B it and B t . 



20 PRISMOIDAL FORMULA AND EARTHWORK. 

Then we have 

Vol. CB-DEbc = -(B* + 3Tt)\ 
4 

Vol. AC>FEac = ~(£ 4 + $T<)\ 
4 

Vol. AB-FDab - -(B> + 3^); 
4 



Vol. ABC-abc = -IB* + 3 7%). 



Adding, we have 

V = ^-\b% + ^4 + ^» + B< + 3 ( 7's + 7\ + 7-. + 7t) "I 

= ^ + 3^. 
4 

18. This theorem can readily be established for the prismatoid. 
Divide the prismatoid into the three classes of tetrahedra as in 
Art. 6. Let stu % Initio, and pqt be the sections parallel to bases in 
the primary solids {a\ (b), (c) of Fig. 5, at a distance of two-thirds 
the altitude from the lower base. 

Now in Fig. 5 (a) we have 

stu = \EFG = V^ f 
and in Fig. 5 (b) 

Im = ibc t 

mn = \dc. 

.'. Im X ntn = fyc X dc. 

Therefore the parallelogram Imno = \k. 
In Fig. 5 W 

/>^r = f#CZ> = fc. 

The corresponding sections of E-ABD and GE-BA are J/" 
and |f 

•••■Si-^ + M + lr + fr + V- 
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But volume = - [id + 6e + 8/ + 4f + 4*] 

_ „r > + * 4- H lhi ± ik J- 8 * -1- «* j. 4*\"1 

= // (f + 4 55 ) = ^ ,+3 * S,] 

4 

19. Analytical Proof. — Let the cross-section be a cubic function of 
its distance from some reference parallel section. 

A x = a + bx + cx % + dx*. . . , . . . . (A) 

Suppose the altitude (H) divided into n equal parts and planes 
passed parallel to these bases. There will be n — i sections other than 
the two bases. The body will be divided into n solids, each having 
an altitude of H -f- n. Upon each section commencing with first base 
erect cylinders (prisms). If we multiply the bases by the altitudes 
and sum the results, we shall obtain a volume greater or less than 
the volume of the whole solid. Let v = volume of any cylinder. 

2(v) = sum of volumes of cylinders. 
.-. i(v) = \a\ — -f \a+b \- c ~i+ d -i \ ~ 

+ L + b(n - 1)" +4* - i) f 5 + « n " r), 5)f 



+^*[i + s + 27 + 64 . • • (» - in 

tr 



But 1 + 2 4- 3 + 4 + 5 + 6 • • • » = j(» + 0; 

t t + 2 * + 3 a + 4 t + 5 » + 6« . . . «* = J*(» + 1)(2» + 1); 

I 1 + 2» + 3* + 4» + 5* + 6* . . . *» = ^(« I- i) f . 
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.: 2(v) = *- j «* + *£(» - iX«- «)+ ^r(» - i)(»)(a«+ 1) 

If « becomes indefinitely great this expression for 2(v) ap- 
proaches V, the volume of the solid, and when n = infinity, 2v = V. 

= ^(6a + 3^^+ 2 < r^» + Id//*). 
If in (A) we make x •= o, $//", and Zf, we obtain 

Bx = a f St = a+—+ — + ^, and ^ a =a + bH+cH*+dHK 

24" 

. ". B x + 4^ + ^, = 6a + 3A// + *cff* + \dH*. 

•'• ^ = f(*» + 4-S* + *■) (1) 

20. Two-term Formula.— If d = o in (A) t the area becomes a quad- 
ratic function of x. 

In A make j: = i^fand \H. 

.'.S%rsa + *6Jf+ \cH* + &dH x \ 

.'. Si = a + \bH + ic/f* + ^d//'; 

.-. ^. + 3^1 = 4* + 2<W + 1^* + l^'. 

But V = ^(4* + 2^ + \cH* + dH*) 

4 

= :(A + 3^1 + K#">- 
4 
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Then we see that if d — o, we get a two-term formula. We also 
have 

£* + 3Sj = 4* + 2bH + \cH*. 

.'. F = ~(i? a + 3^) (4) 

4 

That is, if we have a prismoid or one of the allied forms of solids, 
we can obtain the volume by using one base and a section at two- 
thirds of the altitude from said base. All cross-sections of earth- 
work where the road-bed is rising or falling gradually are quadratic 
functions of their distances from one base. One of the problems 
below gives a case where the cross-section is a function of the fourth 
degree of the running distance. 

It can also be shown that if we take sections S\ and S* at -- (3 — V3) 

H 

and at —(3 + ^3) respectively, that is, at about 21/ and 79', where 

H "=■ 100', we can obtain the volume by the following formula: 

V = -(S x + S a ). 
2 

Make x in {A) equal to these values respectively. 

• \ S> = a + - 6 ( 3 - *\)H + ^(2 - V\) + d "~^ - 5 *j); 

S, = a + £<3 + *3)Jr+ ^ (2 + V 3 ) + ^-'(9 + 5 Vi). 
. •. HSi + S>) = a + ¥f+ ic/f' + 2p. 

2 4 

bH 
But V = H{a + — + \cH* + ±dff*). 

... ^ = ^(5, + ^). 

In an earthwork cut where the stations are 100' apart these 
stations (Si and St) should be taken at 21' and 79' from one base or 
21' from each base. The error is less than two inches, the distances 
being 21'. 14 and 78'. 86. 
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21. Simpson's Rule.— Let 374 be part of a curve. If the points 3 
and 4 are taken sufficiently near the curve, 374 can be regarded as a 




parabola. If 97 is the mid-ordinate and we join 34 and draw a tan- 
gent 56 at 7, it will be parallel to 43 and we have (347) = | (3564). 
Let 04 =>'». 79 =n> 2 3 =^«. °* = &• 

Area (023740) = area (0234) ± area (473) 
^jC* +*>± 1(4356) 

= fO'. + y*) ± l^tn T \(yi + *)] 



= ^(a^i + zy% + *n- *y* - sy*) 

= ^iyi + 47* +^«)- 

To find the area of a curvilinear figure: Divide the base (its pro- 
jections or any line) into an even number of parts of width h. Let 
the first ordinate bejKi and the final ordinate yn\ then 

A = -j-iyx + w* + *y* + w* +y* 4- 4v« • • • yn-% + 47«-i + yn) 

o 
- *-£[(yi + J« + 4(^» + JK4 . . . /«— .) -I- 2(^, + n . . . *»-■)]. (B) 



That is, add together end ordinatcs, four times the even ordinates, 
and twice the other odd ordinates, and multiply the sum by one-third 



PRISMOIDAL FORMULAE. 2$ 

of the base of each* This rule can be used for finding the volume 
of earthwork by inserting volume for area, and areas for ordinates. 

If there is an even number of ordinates, find area of first three 
segments by two-term formula, and remainder by formula (B). 

A = -iyx + &%) + -|>4 +yn + 4(y* +yi -f^«-i)+2(^6 +y* . . .yn)]. 
2 3 



CHAPTER II. 

PRISMOIDAL FORMULAE APPLIED TO EARTHWORK. 

22. Slope-stakes. — Stakes are always set in the cross-sections at 
the station where the side slopes intersect the terrain. Let the cross- 
section ABCDC £' intersect the side slopes and the ground surface 




on the right in BC and DC. The point C will be the stake point on 
the right of the centre. We shall let c = centre cut DA, a = half' 
width of road-bed, h = side height CG t r = rod reading on/? = Z>3, 



and s 



RC 
ratio of BG to CG = — - = tangent of BCG. 
CG 



If the heights 

of all points are referred to a horizontal plane through AB, A$ will 
be the height of the instrument (//) for the line of sight 367. 

If we place the rod at any point whatever (as 4) on BC, its per- 
pendicular distance from the centre line A I? will be equal to </, where 

d = AE - AB -f BE 
= «•(■ j(4-£) = a -\- s (height of pt. above datum). 

The problem in setting slope-stakes is to find the point C. Let H 
= height of instrument above datum = 6E = 7G. Then if r' = 
rod reading at any distance out (</), we should have 

d = a + s(H - r'). 

The point Ccan be found only by trial. Suppose we try a point 
(5) on the ground surface on right of station. The rod reading is 65 ; 

26 
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the height of point above datum is $£- The calculated distance out 
(J) is therefore 

d c = a + s(sE) = a + s{ 4 E) -f j(54). 

Now, the true distance out = AE = AB -f BE = a -f s^E). 
.-. d c = d + s(S4). 

Hence we see that for 5 the calculated distance out is too great ; 
or, in other words, when the point is within the cut (not sufficiently 
far out) the calculated distance is greater than the true distance from 
centre to point. 

Try the point 9. There we would find our calculated distance out 
to be 

d c = a -f j(92). 

But true distance d — a -\- s($2) = a + ^(92) + ^(89). 
.-. d e = d — ^(89), or d = d c -f ^(89). 

That is, if the calculated distance out is less than the measured 
distance out, the assumed point is too far out. 

Try a point/ on the surface to the left of station. We have 

If = gm, pg = r* f height of p = pm. 

.*. height of point p above datum = H — pg = H — r\ 

Cal'd. dist. out d c = a -f- s(H — r>) = a + s(pm) = a + s(pn) -f s(nm). 

But true dist. out d = a + s(nm). .'. d c = d + s(pn). 

That is, if the calculated distance out is greater than true (meas- 
ured) distance out, the stake-point is further out than the assumed 
point. * 

22a. The Location of Slope-stakes in Fills. — Fig. 15 represents a 
fill where BB' is width of road-bed and Dg is the intersection of the 
vertical plane of cross-section with the ground surface. Try any 
point by taking rod readings. We already have c = A£>, and by 
taking a rod reading on D(D$), where the line of sight is 367, we get 

H = 3A = 6E % r = 3 Z>. 

Or H = r — c = A3 = height of instrument. 

Read rod at any point 4. Rod reading = 64 = r'l 

Height of 4 = E4 = 64 - E6 = r' - (r - e) = r' — H. 

But d e = a + s{E4) = <> + s(E$) + *(45). 

But true distance out d = a + s(E$). 

.-. d e - d+ j(45). 
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We therefore, conclude that if the calculated distance out is greater 
than the measured or true distance out, the stake-point is further out 
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than the assumed, and vice versa. For every point on i?Cthe actual 
and computed rod readings ought to agree. The actual rod readings at 
4 and 9 are 64 and 79, while the computed readings will be 65 and 78. 

If the line of sight is below road-bed (datum), as 3'6V. we have 
rod reading at D = D3', centre cut = DA. 

.\ If = D3' - DA = - A3' = - E6' = - 27'. 

Calculated distance out at any point 4=0+ si(E4) t which is 
greater than the true distance out [a -j- *(&$)]' At any point 9 
without c the calculated distance out - a -\- s(g2) = d c . 

But true distance out = a + j(28) = a -f ^(29) -f ^(89) = d. 
.:d=a- c + s{S 9 ). 

In conclusion we can formulate the following rule for excavation 

and embankment: If the calculated distance out is (8 rcater j t han the 

/out\ 
measured distance, the stake point is further I \ n J 

If we place the rod at 5 (Fig. 14) at a distance out tf, we can readily 
find what the rod reading ought to be if 5 is a stake point. We have 
d= AE = BE + a. 

.\£E = d-a. 

d- a 



But 



BE = s(E4). 



£4 = 



The computed rod reading (r) would therefore be 

d - 



r = 64 = J/-E4 = Jf- 



= 6E - E4. 



That is, to find the computed rod reading subtract the half-width 
of road from the measured distance out ; divide the difference by the 
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slope ratio, and subtract the quotient from the height of instrument. 
But the actual rod reading at 5 would be 65. Thus if the computed 
rod reading (r) is greater than the actual rod reading, the stake point 
is further out, and vice versa. This conclusion can readily be drawn 
from Fig. 14 without any calculation whatever. The computed rod 
reading (r).will always be the vertical distance between lines i?C and 
367, and the real rod reading will be the vertical distance between 
2?Cand 367. Then at all points within the stake point the computed 
rod reading is greater than the actual. When the assumed point is 
without Cthe computed rod reading (r c ) = 18 will always be less than 
the actual (19). In embankments (Fig. 15) if the assumed point 4 is 
within the stake point, the computed rod reading (65) is less than the 
actual and vice versa. This can be embodied in the following rules : 

1. If the computed rod reading in excavations is [^igccj than the 
true rod reading, the stake point is further (°." ) 

2. If the computed rod reading in embankments is f^ r . e * er ) than 

the actual rod reading, the stake point is further ( *"*) 

23. All necessary formula for finding the volume of earthwork 
solids have been derived in Chapter I, and no attempt will be made to 
use any new formulae in this chapter. Our methods shall be along 
the old and well-tried lines, as these methods are well established 
and are sufficient for our purpose. But it must be remarked that the 
term "the prismoidal formula" is misleading, as there is, as can be 
seen by referring to Chapter IV, an infinite number of formulae more 
characteristic of the prismoid than the Newtonian formula. 

The general term prismatoid includes all forms of earthwork whose 
side faces are triangles or trapezoids; and as the formulae of Newton 
and Kinklin apply to the prismatoid and cylindroid, it is clear that 
they will apply with exactness to all forms of earthwork that fall in 
the class of ruled surfaces. Earthwork is generally classed accord- 
ing to the number of ordinates required to determine the areas of 
the cross-sections as level, two- level, three-level, five-level, and 
irregular. The burden of the operation of finding the volume of 
earthwork cuts or fills consists in obtaining the areas of the cross- 
sections, and it will be only necessary to develop methods by which 
these areas can be found correctly and with the minimum amount, of 
labor. 

All stake points are referred to the centre of road-bed as a ref- 
erence point. The height of a point is generally recorded as the 
numerator of a fraction, while its distance out is the denominator. 
These two coordinates are sufficient for location of point. 
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24. Level Ground. —When the transverse slope of the cross- 
section is zero, all heights above a line in the plane of the cross- 
section being equal, the ground is classed as level although it may 




have any slope whatever longitudinally. The form of such a section 
is shown in Fig. 16, whe.re DA = centre cut, EE' = width of road- 
bed, and s = tangent of angle ECT= tan AOE= ratio of slope. 
Let DA = c. 

CT = HQ = h - c. 

Then EE' = 2a ; 

ET=sh\ 

AT= a + sh = QA\ 

B — area of cross-section = HQTC - HQE' — CET 

= DA X QT- \HQ.QE' - \CT.ET 

= c{2a + sk + sh') - 1st' - JjA'* 

= 2ac + sh* + sh'* - sh* 

= 2ac -f- sh* 

= 2ac + sc* (5) 

If we find the values of B for different values of c, and locate the 
points corresponding to these values of c and B t we obtain the curve 
from which all areas can be read off for any special value of c. The 
values of c are laid off and a horizontal line and verticals are erected 
at the different points equal to the value of B, corresponding to that 
value of c. A curve (parabola) is then drawn through the points 
thus located. 

Let C= DO = DA +A0. 

In the right angle triangle AOE we have 

.^r* *E 

tan AOE = —— — s ; 



AO = AE 



-4 = 



C-f + p 



c ■= C - 
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Substitute this value of c in equation (5), and there results 

* = *,(c -;-) + ,(<:-;-)* 

s 
Now the area of the grade triangle EOE ' = \EE* . AO 

~* s s 

Therefore if we let B' =^cross-section + grade triangle, we have 



*' = ,<:■- - + -=wc«. . . . 



. . (6) 



This, as the reader will readily recognize, is a parabola referred 

to its vertex as origin. If the diagram is constructed for equation 

a* 
(6) and a line is drawn parallel to C-axis at a height of — , the 

ordinates from this line to the curve will give the area of the cross- 
section. A complete diagram would include a curve for all the 
probable values of s. 

25. Two-level Ground. — Where the ground has a uniform trans- 
verse slope, it is classed as two-level. Fig. 17 illustrates the form 
of the sections, where the straight line HC is the intersection of 
plane of cross-section with ground surface. 




Fig. 17. 
B = area of cross-section = HQTC — HE'Q — CET. 

But area HQCT = \(HQ + CT) X QT 

= \{h> + h\EE> + E'Q + ET); 

area HQTC = \(h + k'){za + sh + sh') ; 

area HE'Q = \HQ.EQ = fyh'* ; 

area CET— \sh % . 

.\B = \{h + h')(2a + sh + sh') - IsA* - ish'* 
= skh' -f a(h + h') 




(7) 
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In this formula for area of cross-section the half-width (a) and 
slope ratio (s) are constant for any special piece of work. Diagrams 
have been constructed by the late A. M. Wellington from which the 
area is read off for any special values of h and ti. These diagrams 
do the multiplying for us instantaneously, and have one decided 
advantage over the use of the formula, and that is that no sensible 
error can occur due to multiplication. If we take two axes at right 
angles, and let the abscissas represent h and the ordinates represent 
B, we can find the value' of ti, as s and a are known. But as there 
is an infinite number of values of h and B that will give the same 
value of ti , it is clear from (7) that for any special value of ti the 
equation will represent a straight line. 

Example, — Let 2a = 20 ; s = f . 

.-. B = \hti + io(>& + ti). 

Assume ti = 10. .'. B = 15^ + io<£ -f 100 = 25^ + 100. 

Now if we give to h different values and find the corresponding 
values of B y and lay off the values of h along OX from 0, and at the 
points of division erect verticals equal to the corresponding values 
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40 



of B y we locate points on a line called the /4-line. In the present 
example, where ti — 10, the line is called the 10-line, etc. 

If h — 10, B — 350; and when h — 20, B = 600. 

Lay off Or = 10, and make rt to a different scale = 350. 

Make ou = 20, and erect um = 600. Join tm. This is now called 
the 10-line, and by making h equal to any value whatever, and ti — 10, 
we can read off the value of B. Thus if h = 15, we get B = 475 ; if 
h = 5, we get 225 for B , if k'= o, B = 100. To locate the 4-line, 
we have 



B = bk + 10^ + 40 = 16A + 40. 
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If h = 10, B = 200; and if h = 20, B = 360. From these values of 
the coordinates we can construct the 4-line. 

In the same way we can construct all the sloping lines for this 
width of road-bed (20) and ratio of slope 3 : 2. When the diagram is 
completed to large scale for all values of ti from o to 50, it offers the 
quickest and most direct way of finding any probable areas for two- 
level sections. 

If 2a = 18 and s = f , we have 

B = \hh' + 9 (h + k). 

Let h' = 4 and make h = 7 and 17. The respective values of i?are 
130 and 270. By making h' equal to any other value we can locate 
the line for that value of h'. Thus we can construct another diagram 
for the width 18 and slof>e 3 : 2. 

If the slope is 1 : 1, these formulae become 

B = hh! -f \o(h + h'Y 
B = hh' + g[A + k'). 

Diagrams can be constructed for any combination of road-bed and 
slope whatever; and where the excavations are made in soils whose 
angles of repose or whose slopes vary, the number of diagrams 
would become burdensome. Attention is here directed to Diagram x, 
explained under the head of three-level ground. Its applicability to 
all three-level sections renders the work easy and reduces the num- 
ber of diagrams from a dozen (say) to one. 

26. If we make B constant in formula (7), the formula assumes a 
convenient mathematical form, but one that can be graphically used 
without tedious interpolations, as the vertical spacings between the 
different curves corresponding to different values of B is not 
constant. 

Now in Fig. 17 we have CT = h % and HQ = h\ Let x and y 
represent the heights of the points C and H above 0. We then 
have 

x = A + AO = /* + - f 

and y = h* + - ; 



h = x , 



*='-;- 
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By substituting these values of h and ti in (7) and reducing, we 

gCt 

sxy=. B+ — = area HOC. (7') 

If the area HOC is made constant (say 200), and values are given to 
x and^, and the points located as indicated above, the locus of these 
points will be a curve that should be marked "200." In the same 
way other curves can be found for values of B, i.e., say 100, 200, 400, 
etc. The curves thus constructed are equilateral hyperbolas, and 
the objection obtains to their use that was mentioned above. How- 
ever, if we make y constant and construct lines for x and B as 
coordinates, we get a series of straight lines as in Fig. 18, except 
that they all pass through 0, and in using them for finding the area 
we must bear in mind that they give the area HOC which includes 
the grade triangle. This, of course, mast be subtracted before the 
area can be used in the formula for finding the volume. 

If the ground slopes transversely at r t that is, makes an angle tan" 1 r 
with the horizontal, and if h = side height on upper side, ti = side 
height on lower side, etc., the following relations are easily deduced: 

h = (c + ra ) ( -*- (* — rj ); 

h'=(c - ra)-i-(l -f rs); 

B = sc* + 2ca + a*rs (X) 

If the surface ground is rising or falling at a uniform rate longi- 
tudinally, c becomes a function of z (the distance from any one 
station). If now the road-bed is horizontal and the surface ground 
falls/ ft. in 100, we have 

pz 

Cm = C — -*— . 
IOO 

If we substitute this value of c 9 in (X), we get the general ex- 
pression for the running section. This, under the conditions, is a 
quadratic function of z. 

27. * Where the algebraic difference of gradients is greater than 
.3 percent, vertical curves are inserted at crests and sags in railroad 
work. The common parabola on account of its simplicity is usually 
employed for such purposes. Thus DC is the surface of the ground 
and AB the vertical curve (common parabola) whose vertex is at 
A and which is tangent to horizontal AE at A. If this falls away 
from horizontal AE an amount EB = / in 100', then at any distance 
z from A it will fall an amount tz* -4- (10000). 

If the ground surface DC falls longitudinally at a uniform rate, 
then we have 

pz tz* 

C M = c x — . 

IOO IOOOO 

* Nagle's Field Manual. 
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The cross-section (B) thus becomes a function of the fourth degree 
of the distance *, and no " prismoidal" formula will accurately give 
the volume of such a solid. 




Fig. 19. 

Problem i. The surface slopes transversely at 1 to 6 and is falling 
longitudinally at 6 to 100. If s = }, 2a = 18', and c x = 24', find 
volume for length of 100' if road-bed is horizontal. 

Problem 2. In the preceding problem if the centre line of road is 
graded to form of common parabola and its fall in 100' amounts to 
1', find volume between A and B in Fig. 19. 

28. Three-level Sections. — The central cut and side heights and 
distances out are always given in the field-notes. Sections that are 




estimated from such data are called three-level sections. The cen- 
tral cuts are given from the level and grade lines, and the distances 
out are obtained when the slope-stakes are set. 

As before we have the following : 

Side height CT — h\ 

Side height HQ = h' . 

Centre cut AD = c. 

Width of road-bed EE' = 2a. 

Distance out AT ^ a -\- sh z= d\ 

Distance out AQ = a -\- sh' = d\ 

Area ECDHE' = area A TCD -f area ADHQ — area ETC 

— area E' HQ 

= \U + fi)(a + sh) + i(c + h')(a + sh') - ***■- \sh'K 

,\2B= 2ac + (h + h')(a + sc) = c(d+ d')+ a(h +*'). 
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But d+ d' = 2a -f s{h + £'); 

.-. h + A' = (</+</' - 2a) -^ j. 

.\ 2^ = c(d+ d') + -(</ + aT - 2tf). 



-:H) 



(*+*')-- (8) 



Now a* ■+- s = area of grade triangle EOE'. 

a 9 
Hence B + - = area of 0CZ># 



-M 



(</ + </'). 



In Fig. 20 A0 t the altitude of grade triangle, = -, and c = DA. 

DO = c+- = total centre height = C. 

But d+ d' = Q7*= total width = w\ 

. *. total area = \ centre height X width, 
or B = ICw (9) 

But V = \(B l + 4S k + B,) = [b x + tfS k + ^B*. 

Or the volume is equal to the sum of three prisms whose bases 
are the bases of the prismoid and four times the mid-section, and 
whose altitude is the one-sixth part of the altitude of the prismoid. 
If we make / = 100', and reduce the volume to cu. yds., we have 

IOO n . , r, JOG , IOO^S 

= ^ A + ^>i65+-i6T- 

If, therefore, we multiply each end section and four times the mid- 
section by |Jj$ and add the products, we obtain the true volume in cu. 
yds. 

The general formula for the volume-area will be 

100/ a\ 10^,.,,, / \ 

324 \ sj 324 
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Then to obtain the volume of the railroad prismoid we shall have 
to subtract the volume of the prism whose base is the grade triangle 
and whose altitude is ioo'. This will have to be subtracted from 
each volume obtained. It is sufficient and gives less labor to add 
the volumes of the end sections and four times the mid-section and 
then subtract the volume of grade prism. 

As the majority of cross-sections of railroad earthworks are esti- 
mated from either two or three levels, it will be well to develop some 
plan that will facilitate the calculations. Two plans of making these 
calculations have been used. One plan is the use of diagrams, and 
the other the use of tables. 

If in equation (10) we make C constant, then V will vary directly 
as w and the equation will represent a straight line. If, for example, 
we make C= i6\ this line will be called the 1 6-line. Now lay off on 




a horizontal ax from the different widths, and at these points erect 
a line which to a convenient scale represents the volume. If in (10) 
we make C = 18, we have 

ioo _ ioo 

V = — i8w = — —w. 
324 18 

If we make 10 = o, then v = o; therefore the line passes through 
O. as will all other total centre-height lines. To plot this line, give 
w any value and lay this off on ox = OP. Let w = 36 = OP. 



V - 



100 X 36 
18 



= 200 cu. yds. 



Mark off on OY equal divisions to represent 100 cu. yds. Through 
200 draw a line parallel to OX to cut a line through P parallel to 
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OY. These lines intersect in a point Q. Join OQ and produce it. 
This line is called the 18-line and is so marked. If in (10) we make 
w = 36, we have 

324 9 

Make (7=27'; .\ V — 300 cu. yds. 
Make C = 9': .'. V = 100 cu. yds. 

Now as OP = 36', draw lines through 300 and 100 intersecting PQ 
in R and S. The line OR will be the 9-line and OS the 27-line. 

If we have given w = 54 and c = 18, we find 54 on ox and follow it 
up to line 18, and then follow the. horizontal from this point to OY 
and find the volume to be 300. 

Diagram I (called Earthwork Diagram) is constructed similar to 
Fig. 21 to a larger scale. This diagram reads off the volumes that 
would be given by the prismoidal formula and by average end areas. 
A few examples will be given to illustrate its use. 

Applications. — First Example. — Given a = 18, s = }, C = 24, and 
ia =: 63. From Earthwork Diagram we look for 63 on the horizontal 
line and follow it up to the 24-line, and then follow the horizontal 
line to the right and read off the volume = 467 cu. yds. On same 
Plate we take from the diagram for " Volumes of Grade Prism," for 
width = 18 and | curve, the volume of grade prism = 54 cu. yds. 

Second Example, — The level notes at station (1) are (J£, 16, Jf), and 
those at station (2) are (£$, 12, £}), and 2a = 18, s = {. 

For w = 66 and C = 22 we get v = 448 
For w = 60 and C= 20 we get 4V = 1480 
For w = 54 and C = 18 we get v = 300 

2228 
Deduct volume of grade prism 200 

Total volume 2028 cu. yds. 

If we wish to find the volume by averaging the mean end areas, 
that is, if we assume that V = \(B\ -\- B*) t we have, when the volume 
is estimated in cubic yards and / = 100', 

54 54 



=!(<+">- 



But * = -^ + -](</+ <n. 

Hence the volume in cu. yds. of the prism whose base is the cross- 
section plus the grade triangle is represented as before: 

v =Z cm • • «°'> 
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Thus the volume here read is three times the partial volume that 
we would read for the same centre heights and widths by the pris- 
moidal formula. The Earthwork Diagram can be readily used for 
the method of average end areas (A. E. A.) by reading off the volume 
corresponding to any values of Cand W and by multiplying this re- , 
suit by three, or by reading off the results (volumes) from the left 
margin of Diagram I. 

Example. — Given c x = 12, c* = 16, h x = 10, h* = 14, d x = 24, </ a = 30, 
2a = 18, hx — 18, h 9 ' = 20, d x = 36, d* = 39, to find the volume 
from the diagram both by the aid of the prismoidal formula and by 
the average end-area formula. We have at station (1) C = 18 and 
w = 60, and at station (2) we have C = 22 and w = 69, and at the 
mid-section C = 20 and w = 64J. 

By the prismoidal formula ; 

For w = 69 and C = 22, the volume = 468 

For to = 64 £ and C = 20, 4 times the volume = 1592 
For w = 60 and C = 18 volume = 333 

Gross volume 2393 

Deduct one grade prism 200 

Total volume 2193 cu. yds. 

By average end areas ; 

For w = 69 and C = 22, the volume = 1404 

For w = 60 and C = 18, the volume = 999 

Gross volume 2403 

Deduct one grade prism 200 

Total volume 2203 cu. yds. 

30. The correct volume of a prismpid is given by the prismoidal 
formula, or 

V = \(Bx + 4 S* + A). 

But B x = J/C, W u B* = IIC* W,; 

4 5*-- (C, + C*XWx + W*); 

V = ^ t (2G Wx + 2(7, W* + CxW% + C* Wx). 

Let V e — — (Bx + B*) = volume obtained by using average end- 

2 

area formula. 

Now V. = - (Cx Wx + C* W*) = — (3C W x + 3C1 W % ) % 

4 12 

V e - V = — tG Jf, -f C a W 2 - d JF a - C 8 JPi). 
12 

.\ error = — (Cx - C a )( JF, - W % ). 
12 
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If the upper surface is plane this correction is positive, but if it is 
warped it can become negative. Generally this correction is positive, 
that is, the average end-area formula gives results too large. If we 
wish to reduce this correction to cu. yds. for lengths of ioo' f we 
have 

Correction in cu. yds. = (d — C 8 )(w* — w 9 ). . (n) 

The correction entirely disappears if the total widths or the total 
centre cuts are equal. This correction is always positive if the 
larger total centre height corresponds to the larger total width ; 
otherwise it is negative. For the example in Art. 30 C = 11 cu. yds. 

31. By comparing formula (10) with (11) we see that there is a 
striking similarity where (C\ — C 2 ) represents C and (wi — w 9 ) 
represents w, and we can find, the correction for mean end areas from 
Diagram I. On the horizontal line look for (w x — w 9 ) and follow the 
vertical line through this point to an inclined line that has the value 
of (Ci — Ca) on it, and read off the volume to the right. This volume 
is the correction. 

Example. — Given the following notes, where s = { and 2a = 18 : 
at station 1, (J^, 2 °- fi)* and ? l station 2, (if, 14, Jf). 

The volume of the grade prism = 200 cu. yds. 

From Diagram I the volume by pmmoidal formula is equal to 
602 -+- 1916 -J- 370 = 2888 cu. yds. 

The volume by average end areas = 1806 + n 10 = 2916. 

In finding the "correction" if necessary to bring (Ci — &) and 
(w x — w 9 ) within the practical limits of the Earthwork Diagram, 
multiply each by 10 and point off two decimal places in the final 
result. Thus we look for (d — C%) = 6, and (w, — w 9 ) = 15. It is 
really immaterial whether we take (w x — w 9 ) along the horizontal 
line or for (Cj — G) along this line. In this example we shall 
multiply the value of (d — &) by to and divide the final result by 10. 
Follow the vertical through 60 on the horizontal line to the 15 
line and read to the right and we get 277. Divide by our factor 10 
and we get 27.7. The volumes by actual calculation are : 

By the prismoidal formula = 2888 - 200 = 2688 cu. yds. 

By average end areas = 2916. 

Volume of associate pyramid = 28 cu. yds. 

Problem 3. Given 2a = 18, s = {, and the following level-notes: at 
station 1, (Jf , 20, f f ), and at station 2, (J| f 18, J|). Find volume by use 
of Earthwork Diagram, by the prismoidal formula, and by the average 
end areas, and check by finding correction. 

Problem 4. Given 2a = 20, s = i, and the following field-notes : at 
station 1, (^J, f8, f#), and at station 2, (i$, 26, J|). Find volume from 
diagram by both methods, and check carefully by correction. 
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Problem 5. Draw the cross-sections in the preceding problem, and 
explain why the correction is negative. 

32. Where one side of road is in cut and the other side in fill, the 

volume obtained by subtracting the volume of the grade prism from 

100 

-j-Cw will give a result too small by the volume of the prism, whose 

base is HE't in Fig. 22, and whose height is 100'. We have OD = C, 




A T = d, H2 = d\ CT= h % and A2 = *h\ where h' is negative. Area 
OCDH - \<\d -f d) = \CW. Or, if modified for calculation by the 
prismoidal formula, we have 

Vol. OCDH = — CIV. 
324 

Now OCDH = EOE' + tDCT- E'tH. 

But the volume excavated is obtained from the area tECD % and' if 
we follow the usual rule and subtract the grade prism a result too 

small by the amount ~ X (EtH) is obtained. 

o X 27 



Now H2 = a — sti = dist. out of H = d'. 

E'Q = sk'. Let c = AD, Then in the similar triangles H2D and 
tAD we have 

tA : H2 : : AD : D\ 

c{a — sh') 



or 



tA : a — sh* : ; c : c -f- k\ 



tA = 



c + h* 



c -\- h c -j- k 



Area E'tH = \QH X E't = J^' 9 



2(g + "0 

c + h' * 



33. Iiimitatlon of Coordinates. — While theoretically the coordinates 
C and w can have any values, there are certain limits in practice. 
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The width of road-bed {la) is rarely less in railroad work than 
14 ft., and it is not necessary to provide facilities for calculating 
volumes where widths of less than 14 ft. enter as factors. 

Again, the width of cross-section in ordinary work is partially a 
function of the centre height. It is an exceptional case where this 
is not true. In nearly all cases when C is large w will be large, and 
it will be unnecessary to associate small values of Cwith large values 
of w. Of course, provision must always be made for the width of 
road-bed and for the altitude of the grade triangle. The maximum 
value of slope ratio (s) is about ij ; the minimum value in earthwork 
(in practical usage) is about 1:8. If the width of road has its 
minimum value of 14 ft. the least altitude of grade triangle will be 
7 -i- 1 J = 4.7', or to be safe say 4'. As this would admit centre 
heights of only 1', 2', and 3', and would save very little space either 
in diagrams or tables, these centre heights will be provided for. 

34. To find volume when end sections are three-level and inter- 
mediates are five-level, i.e., when the upper surface is prismatoidal. 




Fig. 23. 

Let 12345 be the lower and AFCDE the upper base of a railroad 
cut, where 15 = EA = width of road-bed zr. ia % and lA = E$ = length 
of cut or altitude. 

Let centre cut at 3 = c\\ 

Let centre cut at C = <•*; 

Let side height at 2 = h\\ 

Let side height at 4 = h\\ 

Let side height at F = ki\ 

Let side height at D — A 3 \ 

Let the upper surface be determined by the four planes FC2, C23, 
DC$ % and .£43. The volume can be found by the formula of Newton 




PRISMOIDAL FORMULAE APPLIED TO EARTHWORK. 43 

or any of the two-term formulae. If B\ and B% are the areas of the 
n p per and lower bases respectively, we have 

Bi = 2ac x + (h x + >4/)(0 + sc,); 
B* = 2ac% + (^a + ^a'X fl + sc *)< 

It is necessary to find the mid-section or section (say) at one third 
of the altitude from B\ or Bz. 

The mid-section (Fig. 23) bdefgkj (6\) can readily be found by pro- 
jecting B\ and Si on B* as in Fig. 24. 




E-5 A E-l 
Fig. 24. 

The following values of heights and distances out are easily 
verified from the figure: 

Side height of point b = \{h\ + ^a); 
Height of d = }(<r a + k x )\ 

Dist. out of b = J(</i + d 9 ); 

Dist. out of d = J</, ; 

Height of e = J(*i -j- r a ). 

£j = aresiAttbE = ft 2 *i+* 9 +Ci)d 9 + l(c*+2c*+A 1 )d l -is(A l +fi i )*. 

.% 45| = i(<Wa -f Cid t + c*d x + 3«^i + a^a); 



\Vc\d\ ah x , <Wa , C\d\ c*d\ $ah\ ah 



- + — + «*•! 



= i('i<A + *»^a + c *d\ 4" 2«^i 4" «^a) 

= ifri^i 4" ^a H- c*4\ 4" «^i 4- «(>*i 4" >*a)] (12) 

34a. Formttfa (12) can be established independently of any pre- 
viousty derived formula. Let ATSyA be the half road-bed, where KS 
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is centre line. The prismoid on right of central plane (CKS$) will 
be CKAF-Syvj. Join point 2 to A y K t and S. The prismoid is com- 




posed of pyramids 2-AFCRT, 2-ATS7A, and 2-KS$C. We therefore 
have 

Vol. 2-AFCAT= J altitude X base = i(ATS) area AFCK 



= ('»^ + «^iV; 



Vol. 2-A7S/T= \2ah\ 



Vol. 2-A-6'3C= JSFarea KS$C = ^i + *.)/. 



.". total volume = jit\d\ + c * d * + ^i + «*i + «(*i + *t)I« 



This proof is taken essentially from Henck's Field-book. 

35. If the upper surface of the ground on the right of the centre 
line is terminated by the planes $CF and 3/2, a similar expression 
will be found for the mean area of the section. In this case the mid- 
section on the right of centre line will be Aet'bE (Fig. 24). 

Height of f =l(d +h % )\ 

Dist. out of f = \d*\ 

S k = AetbE = \{h x + 2h % H-nV, + Ka*. + c % + A.y« - M*i + M* 
= i('i<A + c%d% -h 2r,</ 9 -f $aA 9 + ak y ). 
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But M = \(B X + 4-Sj + ^a) 

— 1 ( c ^ x 1 a ^ % I C }^1 i c ^ 1 V . 3<*^a ■ tf^i _. *Wa , g^A 
~6V2" + "2"*"2 _ '"2 "*"° J+ 2 "^ 2 + 2 + 2 j 

= lE'i^i + c * d * + ^^a + 2aA * + <*>&i] 

= 31>»^i + c * d * + ^ + tf>4 « + «(*» + *«)]• • • • ( I2 

Formula (12) and (12') are of the same form and can be generalized 
into a 

Rule, — To find the mean area when the upper surface is terminated 
by two triangles as in Fig. 23, add together the products of the centre 
cuts and distances out at each base, the product of the centre cut and 
distance out at the ends of the given diagonal, the product of width 
of half road-bed and side height that the diagonal joins, and the 
product of the sum of side heights and width of half road-bed ; take 
one-sixth of sum. 

The mean area on left of centre for diagonal joining Cand h' can 
be found by similarity : 

M = i[<r,</,' + cM + cxdj + ahj + a(ki + A.']. 

Thus the total mean area for diagonals C2 and D3 is found by 
adding (12) and (12 ). 

. \ M = \\c,(d x + </,') + c % (dn + d % ') + CD + CD' + a(A, + U 

+ *i' + *, + zr+,zr] f * (1?: 

where C = centre cut to which diagonal on right is joined ; 
D — dist. out to which diagonal on right is joined; 
C— centre cut to which diagonal on left is joined; 
D' = dist. out to which diagonal on left is joined; 
Jf = side height to which diagonal on right is joined; 
H* = side height to which diagonal on left is joined. 

Example. — From the following notes compute the volume with 
diagonals in the different ways •; 



Sta. 


L C. 


c.c. 


R.C. 




18 




10 




1 


36\ 

20 ,/ 









39 


16 


30 



There are four different problems in this, according to the different 
combinations. The diagonal may run as indicated by the solid or 

* See Henck*s Field-book. 
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dotted lines. We shall find the mean area on each side of centre 
line separately. 

(i) Mean area on right of centre with solid diagonal : 

M = \\c x d x + c*d t + CD + a/f + a(/ tl + >*,)] 

= J[i2 X 24 -f 16 X 30 -f 12 X 30 + 9 X 14 + 9(io+ 14)] 
= J[288 -f- 480 + 360 -f 126 + 216] = i X 1470 = 245 sq. ft. 

.*. volume = 24500 -J- 27 = 907.41 cu. yds. 

■ (2) Mean area on right of centre, dotted diagonal : 

M= l[i2X24+i6X30+i6X24+9Xio+9(io+i4) = ~- = 243sq. ft. 

. 243 X 100 

.*. volume = = 000 cu. yds, 

27 ^ J 

(3) Mean area on left of centre line when surface is divided by 
solid diagonal : 

M- i[i2X36+i6X39+i6X36+9Xi8+9(i8+20)]=^=356 sc l- ft - 

356 X 100 
,\ volume = = 1318.52 cu. yds. 

27 J 

(4) Mean area on left of centre line when surface is divided by 
dotted diagonal : 

M= J[i2 X 36 + 16 X 39 + 9X20+ 9(20+ 18] = 341 sq. ft. 

, 341 X 100 . , . 

.*. volume = = 1262.96 cu. yds. 

27 v J 

36. To find the volume when the upper surface is warped: 
Conceive the upper surface of the earthwork cut (Fig. 26) to be 
generated by a straight line which moves from position DC to 
position 43, so that the end points of the variable sect move with a 
uniform velocity. This moving line thus generates a warped or 
ruled surface. The same surface DC34 may be generated by a line 
moving from position 4D to position 3C subject to the same con- 
ditions, that 18, that the end points of the moving sects travel at a 
uniform velocity. The volume generated by PQ76 or the volume 
contained by the planes ABCD % AB2I, BC23, AD\i t 2341. and the 
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warped surface DC34 is an arithmetical mean between the volumes 
determined by considering the upper surface composed of planes 




determined by the two diagonals Z>3 and 4C If the surface is 
divided by the diagonal C*4, the vertical plane P67 will cut the 




diagonal in some point / (Fig. 27). Project the end areas PQ67 and 
1234 on some vertical plane parallel to them. The point / will be 
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projected at /', Fig. 27 (a), on vertical projection 4'C of diagonal 4C. 
The line tQ is parallel to 34 in Fig. 27 (b), and Ft is parallel to Z>6'. 
The lines Q't' and /"*' will therefore be parallel to 3V and D 'C re- 
spectively. 

From similar triangles CtQ and C34 we have 

tQ : 34 : : x : i, 

where .* = altitude of CtQ = dist. of plane PQ67 from ADBC. 
From similar triangles Z>C4 and P%t we have 

/>/ : DC : : 1 - x : 1. 

Now if the upper surface is determined by two planes D$C and D34, 
the plane FQ67 will cut diagonal D3 at same point s(s'). 

From similar triangles DPS and Z?34, and 35^ and 3DC we have 

.PS: 43 : :* : 1; 

SQ .DC : : 1 — x : 1. 

The lines DC, tQ, tF, sQ, sP, and 34 are equal to their vertical 
projections D'C, t'Q', etc., as these lines are all parallel to the 
vertical plane. We can therefore write 

t'Q' : 3 ' 4 ': :*: 1; 
p'S' : 3V : : x : 1. 

Hence t'Q is parallel and equal to P'S'. The figure Q't' P'S' is 
therefore a parallelogram in all positions of PQ. If the surface is 
generated by a straight line PQ, the volume determined by consider- 
ing the surface composed of the planes C43 and C4D will be in excess 
by a volume that will be generated by triangle Qt'P'. The volume 
calculated by using diagonal D3 will be less than that determined 
by the ruled surface by a volume that will be generated by triangle 
P'S'Q'. But triangle t'P'Q* = triangle Q'S'P'. As these two triangles 
will be equal in every position of PQ, it is clear that the true volume 
will be an arithmetical mean between the two volumes found by con- 
sidering the upper surface determined by the diagonals. 

The volume found by using diagonal C4 is 

\(c\d\ + c*d* + c%d x + «^i + ah * + <***)• 
That found by using diagonal D3 is 

The true volume is found by taking the mean. 

.\ true volume = - c x di -f *Wa + — * -f- -^r H (^i-f**) =^. 

6[_ 2 2 2 J 
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When PQ6j is midway between A BCD and 1234 we have 

<i = K'» + '»); 

h k = \{h, + >* a ). 
S* = 4('^ + W\) 

= 4(* + *X* + «/.) + ^(*. + *.), 

4 

or 4^ = Ha + *X* + *) + «(*. + At); 

-5* = \c*d* + 4°^a. 
.-. K=4(*i+4^ + *.) = jf'.*+^^ 

But this is the same result that was found for the true volume as 
in Art. 35. Thus the prismoidal formula of Newton determines the 
volume when the upper surface is a warped surface (hyperbolic- 
paraboloid). 

The mean areas and volumes for the example in Art. 35, when 
the upper surfaces on right and left of centre are warped are given 
in the following table : 



Station. 


Areas. 


L. C. 


c. c. 


R. C. 


Areas. 


1 


297 


18 
36 


12 


10 
24 


189 


(+50) 


(348) 


<&) 


(14) 


Q 


(243) 


2 


402 


20 
39 


16 


£4 
30 


3<>3 



M' = J(2Q7 + 4 X 348 + 402) = 348.5; 
M = i(i8a + 4 X 243 + 303) = 244- 

.*. total mean area = 592.5; 
volume = 2194.44 cu. yds. 

37. The whole section PQ67 (Fig. 26) may be conceived as moving 
from A BCD to 1234. 

Let x — dist. from ABCD to moving section PQ76. 
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In Fig. 28 let DA = c x% 14 = c tt 48 = c% — c l9 where Z>8 is parallel 
to lA. 



P 
5 



Fig. 28. 

From similar triangles D*>P and -#48 we get 
48 X/>5 



/>5 = 



/» = (*-">y 



In the same way we can find side height (h x ) at Q: 

x 
h x = h\ — *t(^i ~- ««)• 

Now ^ = \cxd x ■+- i«^* = area PQ76. 

But */* = «+*£* = a -f J^i— —(^1 — A,) = </i -|- -y(A, — Ai). 

38. If in Fig. 14 the side slopes CO and FO make an angle 20, 
that is, if angle FOC of the grade triangle equals 20, we have 

tan = s\ 

sec = (1 + **)*; 

1 



cos 6 = 



(i + **)*• 



si » 9 = (r+i^ 



2/ 



sin 20 = 2 sin cos = — : — &. 
1 +/» 
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39. Let Fig. 29 be a two-level railroad cut whose upper surface is 
a hyperbolic-paraboloid. Project the upper base A BCD orthogonally 




Fig. 29. 

on the lower in i4cd. Draw $P parallel and equal to dc. Join P% 
and PC. The triangle cP2 is the base of the associate pyramid. 
Let the side heights at 2.3,(7, and D be h it h x ' , k%, and h% respectively. 



Then 



12 = h sec = A : (i + j')i; 

34 = J.'d + *•)*; 

£C = ic = h^i + s')t; 
DA = <*4 = Mi + **)*• 



Hence 



;, = 21 - i<r = (h t — ki)(i -f j»)*; 

3d = 34 - 4^ = (>*/ - V)(i + *>)*; 

A = area ^/ > 2 = \cP X « sin Pc2. 

Angle cPi is equal to the vertical angle of the grade triangle = 2 

A = i(A. - >*„)(>*,' - fi 9 ')(i + s*) . t ^y f = *(*, - A.XV- -*.')• 

But from Art. 25 we have 

^, = skxkx' + a(h x + A/); 
£* = shM + a{h* + V); 
4^ = s{h, + htW + A*) + 2*(A, + *t +*/ + *i'). 
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= J[2J^i^/+ 2sAM -{- sh%h\ -\- shM-\- $a(h x + h* -f- h x ' -\- h% i\. 
Let M e = «^, + B*) = tfxiiil,' + J*,*,' + a(k x + >*/ + >*, + *,')]. 

.-. il/« - ,1/ = -(k x - /*,)(*/ - A.') - i^. . . . (14) 
o 

40. Five-level or Irregular Ground. — When the nature of the 
ground demands it levels must be taken at intermediate points on 




the cross-section. If the intermediate levels are only two, the ground 
is usually classed as five-level ; if more, as irregular. The co- 
ordinates of every point on the surface where it changes slope are 
given with reference to A as an origin in the " heights " and " dis- 
tance-cuts " of the note-book. The coordinates of any point are, as 
explained in Art. 23, written in the form of a fraction, where the 
numerator represents the ordinate (height) and the denominator 
represents the distance out from the centre line AD. The area can 
easily be found from the figure by summing up the areas of the 
trapezoid and subtracting from the gross sum the areas of the two 
triangles HE'Q and CE 7\ The usual data given are arranged as 
follows: 



Station. 


L. C. 


C. C. 


R. C. 


1 


h' h % 
d' d t 


c 


//„ h 
d 9 d 



Now the double area of E'EC2D3/f = 2{HQTC2Dt>) - 2(J/E'Q) - 
2{CET) = (A' + kiW-dt) + (A, -f c)(d t -0) + {c + k % W % - 0) + (>* 9 + 
hW-dt)-sh'*-sk*. 

The analogy of this method of finding the area to the usual rule in 
surveying by the use of the double meridian distances is apparent at 
a glance. If we take (?7*as the north and south line, the expres- 
sions (h' -f fi 3 ), (As + '),"etc., are the D.M.D.'s, while (d f - d*) (d — d*) 
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are the latitude difference. Again, if we refer all points on the sur : 
face to A as origin, we could find the double area by multiplying each 
height (ordinate) by the difference of the alternate abscissas taken 
in order and summing the products. 

Problem 6. Find the volume of the following cut when i = ioo, 2a 
= 20, s — i: i when the surface lines are those indicated by the lines 
joining the fractions: 



Station. 


L. C. 


C.C. 


z 

2 


io r6 
/20 />o 

/ ' / ' / 

20/ 24/ 20/ 

30 20 10 


22 





R. C. 


18 24 20 

ib\ 2o\ 3o\ 

\a? N30 \36 \4o 

10 20 30 50 



Problem 7. The following notes were taken to find the amount of 
filling necessary to raise an old road-bed to a higher level. Find 
volume in cubic yard by average end areas. 



Station. 


L. C. 


c. c. 


R. C. 


1 


11 1 


4*5 


4 12 




24 9 




9 21 


2 


18 7 


6 


5 11 




27 9 


9 24 



41. In passing from excavation to embankment the point of inter- 
section of centre line of road-bed with the ground surface is called 
the grade point. It is necessary to establish this. 
Let x = distance from last centre cut to grade point; 
c x = centre cut at last section in excavation; 
c 2 = centre fill at first section in embankment; 
/ = distance between sections. 



Then 



x : I — 4 . . c x . c t , 
x : / : . d :c x -\- c%. 



Cx + C% 



42. The width of road-bed in fills is often made less than the width 
in the adjacent cuts, as no ditches for drainage have to be provided for 
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in fills. If the width of road-bed in cuts is 18 feet, that in fills under 
three feet in depth is often made 12 feet; and where depth of fill is 
over three feet, the width is made 14 feet. Not only the grade point 
should be located, but the points where the edges of road-bed cut the 




Fig. 31. 

surface should be located. If the ground is sloping uniformly, the 
line of intersection of the road-bed plane with the terrain will be a 
straight line. If levels are taken at B and E and at other points 
between cross-section FC and grade line 14, we can find the distances 
B\ and £4 by calculation. For ordinary three-level ground B\ and 
£4 will have approximately the same slope that RP has. In ^regu- 
lar ground the points on the grade line would have to be located by 
trial. 

The volume of the excavation between FC and 14 will have to be 
determined by locating a section 456 through 4. The sum of the 
volumes of the prismoid 456- FC and of the prism 1-456 will give 
the true volume of excavation. 

Example. — Given 20 = 20, and at station R the notes are 



(-2-. 6. ™Y 

\I3 21.2/ 



and RP, £2, and £4 were found to be respectively 45, 



48, and 42 feet. 

Area of cross-section at FC = 173.6 square feet. The coordinates 
of cross -section through 4 are found by interpolation to be 

(o 1.4 \ 
— , .4, , and the area of the cross-section is 11.28 square feet. 
10 11.4/ 

/i.5 6.3\ 
The coordinates of the mid-section are , 3.2, , 

\ii.5 16.3/ 

is 83.48 square feet. 
42 



, and its area 



Volume = 



6 X 27 



(173-6+ 4 X 83.48-1-11.28)= 134.5 cubic yards. 
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Volume of prism = — - — (i 1.28) =.84 cubic yards. 

Total volume = 135.34 cubic yards. 

Problem 8. Find volume in cubic yards by average end areas by 
calculation, both in excavation and embankment, from following 
notes : 



Station. 


L.C. 


c. c. 


R. C. 




20 




»4 







18 






39 




30 




16 




10 




33 


x 4 


24 




12 




7 


2 




10 






27 




195 


3 


£ 


6 


_4_ 




21 




15 




2 




6 


4 


10 


-4 


16 



Problem 9. Find volume in Problem 8 by prismoidal formula. 

Problem 10. Find volume in cubic yards by use of earthwork 
diagram, in Problems 8 and 9. 

43. Borrow-pits. — It is occasionally necessary to borrow earth for 
fills when it would cost less than hauling it from a distant cut. 
These borrow-pits are localities or areas not in the line of the 
graded road or areas near the proposed fill from which earth can be 
obtained more economically than from some cut in the line of road. 
It occasionally happens that the excavations do not contain enough 
earth to construct the embankment, and of course earth has to be 
borrowed to complete the fill. If it is cheaper to borrow earth than 
to haul it from a distant cut, the surplus earth taken out of the cut 
is " wasted." 

The earth is measured in place, and for this purpose the ground 
must be divided into polygonal areas. Levels are then taken at 
the vertices of these polygons both before and after excavating. 
Some method of re-establishing these points for the purpose of tak- 
ing the second series of levels must be adopted; This can be most 
easily done by dividing the pit into rectangular areas as in Fig. 32, 
and by placing guide-stakes in the prolongation of the dividing lines 
at a certain recorded distance from the edge of the pit on all four 
sides. It is really only necessary to re-establish one known line as 
AB and mark on it the points 1, 2, 3, 4, etc. Then the lines at right 
angles to AB can be located, and the other points as 0, d, c, and d 
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can be re-established. After all division points in the pit have been 
relocated, the second series of levels are taken. 

Various methods of keeping the notes for borrow-pits are used. A 
very convenient method is shown in the following table. A page of 





\ 


s\ 


r 








G K 








9 \ 


\ 










m\ 










\ 




a 


d 


c 


D 
C 



Fig. 32. 

the ordinary field-book is ruled into as many vertical columns as 
there are ranges. Thus if ABCDEFGH is a borrow-pit we should 
adopt AB as our reference line, and in the station column we 
record the number (1, 2, 3, etc.), and to the right of these stations 
we record the level-readings on the different points in the column 
headed by its distance from AB, In the table the squares are sup- 
posed to be 10 X 10 ft. 



Station. 





xo 


20 


30 


40 


50 





u 


25 


27 


29 








9 


9 


9 


9 






1 


ax 


93 


£5 


27 








10 


xo 


10 


10 






2 


19 


21 


«3 


?5 


27 


29 




xo 


11 


11 


10 


9 


3 


27/ 


12 


21 


?i 


»5 


27 




xo 


. XX 


11 


11 


10 


9 


4 


*5 


11 


12 


2t 


ii 


*S 




ZO. 


10 


xo 


xo 


xo 


10 


5 


«3 


«5 


iZ 


12 


21 


»3 




xo 


10 


10 


IO 


xo 


to 


6 


XX 


u 


15 


11 


12 






10 


9 


9 


9 


9 
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The first reading on the points are given by the numerators and 
the second readings are the denominators. The readings are the 
" elevations " as referred to the same datum-plane. The heights or 
depths of cuts are given by their difference. 

The volume, if the upper surface over the small rectangular is a 
plane, can be accurately found by 

V = a -{2h x + h* + 2*s + h A ) y 
o 

where h x and h% are the heights at tne ends of the dividing diagonal 
EM. Again, we have 



Adding, we get 



V = ~ (2A a + 2/*, + h, + A,). 



2 V =-g-(3*i + 3*. + 3*. + 3*4). 



.-. v = --(/*, +h % + h* + h K ) (15) 

4 

Thus the solid can be treated as a truncated prism, and its volume 
is equal to a prism of the same base and whose altitude is one-fourth 
of the four corner heights. Now some of the corner heights (as at 
AHFEc and B) will enter as factors only once, some twice (as those 
at intermediate points on sides as 1234, etc.), some three times (as at 
D and G), and some four times (as at M and all other points not on the 
boundary). By comparing Fig. 32 and the table we see that the 
heights that enter only once as factors are those in the table that 
have a vacant square both in column and row adjacent; those that 
enter twice have a vacant square either in column or row; those that 
enter three times as factors have all spaces full except one on a diago- 
nal; and those that enter as factors four times are completely sur- 
rounded. For the special example in the table, it is supposed that 
the pit is graded down to a level plane whose height is 10 feet above 
datum. 

2k x = 13 + 1 + 9 + 13 + 19 -f 19 = 74; 

22A* = 2(15 + 17+17 + 17 + 15 + 7 + 5 + 3 + 3 

+ 5 + 7+9+ 11) =262; 

3 2A, = 3(15 + 11) = 78; 

4 X* 4 = 4(i3 + 15 + 11 + 13 + 9 + 11 + 13+ 15 + 7 

+ 9+11 + 13+5 + 7+9) = 644. 

a * 
V = (74 + 262 + 78 + 644) = 979.63 cu. yds. 
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If the ground is rolling and not very uniform in fall, the sides of the 
square or rectangles must be taken small. It will greatly simplify 
the calculation if the dimensions of these rectangles are multiples of 
9. Thus if a = 18 feet in the example given, we have 

18 X 18 oX 
V = — —---<io58) = 3174 cu. yds. 
4 x 27 

If* the ground is of such a character that we can divide the sur- 
face into rectangles 30' X 36', we have 

y _ 30_X_3_6 (2/ ^ + 2 ^ + 2Aa + 2A j 

= ic*2/i l + 2h* -h 2/i % + 2h<) (isa) 

The formulae for borrow-pits apply with equal . facility to the 
problem of finding the volume of earth removed in grading down 
elevations to a common level or to any desired surface, and to find- 
ing the volume of earth removed in excavating for reservoirs, for 
the foundations for buildings, etc. 

Where it is apparent that the upper surface of any of the truncated 
prisms is not a plane, a closer approximation to the true volume can 
be found by dividing the rectangles or squares in the plan of the net- 
work of the borrow-pit by diagonals, thus using triangles as the 
bases of the prisms. The engineer will, when laying out the first 
network of rectangles, indicate in the table or on the drawing of the 
plan the diagonal that will most nearly lie on the surface of the 
earth, and divide the given upper surface into two planes whose in- 
tersection is this diagonal. Usually these diagonals will have one 
direction, but in very rough ground they may follow no law, and 
each diagonal will have to be drawn independent of the others. 
Thus it may happen that the height at a corner will be in only one 
triangle as at F, in two as at E, in three as at K, in four as at 
G, in five as at 8, in six as at M % in seven as at 9, and in eight as at 7. 
Now the volume of any triangular prism whose base is A and whose 
heights are £, h\ and h" is given by 

V = -(// + h' + h"). 
3 

If the sides of the rectangle are a and d, the complete volume in 
cubic yards will be given by 

V = r-^-(>*i + 22 7i 2 + i2h % + . . . + l2h, + 8Xi 8 ), 
X 27 

where k x% h^ . . . h% have the same significance as in formula (15a). 

* Sec J. B. Johnson's Surveying. 
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The direction of the diagonals can be indicated in the table by 
joining the proper fractions as shown in the table by the lines join- 
ing 17 and 21 in the first and second columns. 

44. Cost of Earthwork.* — It is usual to pay for earthwork by the 
cubic yard in excavation instead of allowing separate prices for 
excavation and embankment. Of course, when borrow-pits are 
used to construct an embankment it is allowed for as" usual, but is 
estimated in cut at the pit. The method of measuring and estimat- 
ing at cut is more expeditious and is liable to prevent a misunder- 
standing between engineer a/id contractor, as it is difficult to agree 
upon the amount of reduction that should be made in embankment 
for shrinkage. 

The cost of excavating and removing earth is made up of the 
following items : 

a. Loosening. • 

b. Loading into carts and barrows. 

c. Hauling. 

d. Spreading. 

e. Keeping road in repair. 
/. Wear of tools, etc. 

g. Superintendence and water-carriers. 
h. Profit of contractor. 

45. Loosening the earthwork for the shovellers can be done by 
the plow or pick. Two good men with two good horses and a plow 
can loosen in heavy soils from 200 to 300 cubic yards per day, and 
in loam they can loosen from 400 to 600 cubic yards per day. The 
cost of such work will vary with locality and with the current prices 
of labor. Assuming $1 per day for men, 75 cents per horse, and 
37 cents for the plow (which is excessive), we have $3.87 as the daily 
cost of the outfit. The cost per yard for loosening will therefore be 
1.93 to 1.29 cents in heavy soils and .98 to .64 cents in common loam 
per cubic yard. We can economize by using four-horse plows in- 
stead of two-horse. A four-horse team can be managed by one 
driver and, allowing one man to the plow, the total cost per day 
will be $5.37. Such a team can loosen 400 to 600 cubic yards of 
heavy soil and 800 to 1200 yards of common loam. Thus the cost 
per yard for loosening can be reduced to 1.34 to .90 cents for heavy 
soils and to .67 to .45 cents per yard in loam. 

A fairly good hand can, with a pick, loosen 14 yards of pure stiff 
clay, 25 yards of strong heavy soils, and 40 yards of common loam, 
and 60 yards of light sandy soils. At $1 per day the prices per 
yard will be 7^ cents for stiff clay, 4 cents in strong heavy soils, ' 
i\ cents in common loam, and if cents in light sandy soils. 



* The data for the articles on cost of earthwork have been taken with few changes 
from Trautwine. 
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•46. If the earth is removed by carts, shovellers have to be pro- 
vided. The amount a man can shovel a day into carts depends on 
many circumstances, weight of material, the time lost in waiting 
for carts, etc. A good manager can adjust matters so that the 
shovellers need lose no time, for, should there be no cart ready to be 
filled, the shovellers can help the pickers. In fact, it would save 
time and would conduce to economy to have pickers and shovellers 
to work together as far as possible. When there is no cart to fill, 
all can use the picks, and as soon as the cart backs in the shovellers 
should be assisted by at least two pickers, thus reducing the idling 
time of the horse to a minimum. A shoveller can load T j of a cubic 
yard of sandy soil (measured in place) per minute, T * 7 of a cubic 
yard of loam, and j\ of a yard of heavy soil. Thus in a day a 
shoveller can handle 40 yards (120 loads) of light sandy soil, 33^ 
yards (100 loads) of loam, and 28.7 yards (86 loads) of heavy soil. 
On account of the loss of time Trautwine estimates that T % of the 
time of the shovellers will be lost. This reduces the capacity of 
the shovellers to 24 yards in light sandy soil, 20 yards in loamy 
soils, and 17.2 yards in heavy soils. Then if the shovellers lose no 
time, the cost per yard for shovelling will be, with labor at $1 per 
day, 2\ cents per yard in light sandy soils, 3 cents in loam, and 3$ 
cents in heavy soils. If ^ of the time is lost, the cost of shovelling 
will be 4J cents per yard for sandy soil, 5 cents for loams, and 5.81 
cents for heavy soils and clay. 

47. Trautwine assumes that a horse travels, while working to a 
dump-cart, at the rate of 2} miles per hour or at the rate of 200 feet 
per minute. A rate of i\ miles per hour is equivalent to 205} feet 
per minute, and a rate of 2± miles per hour will be equivalent to 198 
feet per minute. So that in reality if we assume a rate of 200 feet 
per minute it is more nearly equivalent to a rate of 2± miles per hour 
than 2}. 

Let / = lead = distance from pit to dump ; 

2/ = total distance travelled on one trip ; 

2/ . , , , 

= time in minutes required to travel 2/. 

200 

About 4 minutes is lost on each trip in dumping and turning. 

Total time / = 4 A = 4 -\ . 

100 100 

If L = number of loads hauled, we have 

— 6°° 

4 +7™ 
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and as the capacity of the cart is about \ of i cu. yd., we have, 
where N = number of cubic yards, 



N = 



4 + lL 



For loading loose rock an allowance of six minutes is made 
(instead of four) for lost time. 



6 + -L 

IOO 



If we lay off the leads to scale on a horizontal line ox, Fig. 33, and 
at the different points erect lines perpendicular to ox, and on these 
lay off to scale the values of n from K, we obtain the curve marked 
" carts " in Fig. 33. Now for any lead whatever (within the limits 
of the figure) we follow the vertical line through the lead (on ox) to 
the curve, and from this point of intersection we follow the horizon- 
tal line to line oy and read off the number of yards. Thus for a lead 
of 450 we follow the vertical through 450 to intersection point and 
then follow the horizontal line through this point to line oy, and 
read off the number of yards 23.5. While the curve in the diagram 
is constructed for leads from o up, it is not supposed that leads of 
very small amounts will ever be demanded. Other curves are laid 
off in Fig. 33, to which reference will be made later. 

48. Spreading or levelling the embankment is always necessary 
- where the embankment is intended for construction purposes. A 

laborer can spread 50 to 100 yards per day of 10 hours, and this will 
cost on an average, with labor at $1 00 per day, 1.5 cents per yard. 

49. For the repair of roads an allowance of x^sn cent P er yard is 
made. 

60. The allowance for wear, sharpening tools, superintendence, 
and water-carriers, for the extra trouble of levelling, off cut, digging 
side ditches, and trimming up, is about 2 cents per yard. 

51, By using the foregoing data the following general expression 
(p. 62) for the cost per cubic yard for various leads can be found. 

If the earth is not spread into layers, but is " wasted," only i of a 
cent per yard is allowed for " spreading " instead of 1.50. This ± of 
a cent is allowed for keeping the dump in order. Then, if the earth 
is wasted, we have, for the four classes of soils : 

116/ 
For class 1 the cost per yard = 12.25 H — ; 
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116/ 
For class 2 the cost per yard = 14.56 + -j— ~\ 

116/ 



" " 3 " = 16.56 + 

" 4 = 10.08 + 

Summary by Carts. 
Labor $1 per Day of 10 Hours. 



16000 ' 

116/ 
16000 " 



Items. 



Loosening (pick) .. 

Loading 

Spreading 

Wear 

Hauling 

Repair of road 

Total cost per yard 



Class I. 



Common 
Loam. 



a. 50 
500 
1.50 
2.00 

, I 
"• 5D + ifa 



13.50 + ; 



Class II. 



Strong, 
Heavy Soils. 



4.00 
5-8« 
1.50 
3.00 

a-5 ° + I( 
/ 
1000 

15.81+ " 



6/ 
16000 



Class III. 



Pure St ff 
Clay or 

Cemented 
Gravel. 



7.00 
5.81 
1.50 

2. 00 



/ 
1000 



18.81 + - 



Class IV. 



Light Sandy 
Soil. 



1.67 
4.16 



a - 5 ° + ^6o 
/ 

luUO 



"•33 + 



16000 



If the earth is loosened by plows instead of picks, the cost of loos- 
ening per yard will be only J of a cent instead of 2}, and the cost per 
yard will be as follows: 



For loam (plowed), cost per yard = 11.80 + 

11 strong heavy earth, " " lt =14.11+ 



116/ 
16000 ' 

116/ 
16000* 



Now, if the earth is plowed and wasted a further reduction of 1.25 
cents per yard will occur, and we shall have, 



For loam (plowed and wasted), cost per yard = 10.50 + 

4 * heavy soil (plowed and wasted), * 4 " M = 12.86 +- 



116/ m 
16000' 

116/ 
16000' 



Trautwine assumes that a man with a wheelbarrow will move at 
the same rate that horse to cart does, namely, 200 feet per minute. 
If i± minutes be allowed for lost time in loading, etc., we have 

/ = 1.25 + -L 
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If the man is continuously at work ior fa of his time, i.e., fa X 600 
= 540 minutes, we have 

540 
L = . = number loads per day. 

1.25 + — 



Each barrow holds about fa of a yard. 

- - 540 



(«+# 



14 



In loose rock an allowance of 1.6 minutes is made for lost time 
instead of i±. If labor is worth $1 per day and an allowance of 5 
cents is made for the wear of wheelbarrow, we have 

Cost of hauling per yard = — X 14(1.25 -| 1 

540 \ iooy 



= 3-40 + 



49/ 



1800 

52. The following summary can be verified by reference to the 
appropriate sections and "items" : 

Summary by Wheelbarrow. 
Labor at $1 per day of 10 hours. 
508/ 



y = 



18000 



Items. 



Loosening (pick) 

(plow) 

Spreading 

Wasted 

Wear, superintendence, etc. 

Hauling 

Repair of road 

Total cost per yard picked 

and plowed 

Total cost per yard picked 

and wasted .... 

Total cost per yard plowed 

and spread . . 

Total cost per yard plowed 

and wasted 



Common 


Straight 
Heavy 
Soil. 


Pure Stiff 


Light 


Loam. 


Clay. 


Sandy Soil. 


:■£ 


4.00 
1.60 


7.00 
2.50 


1.67 
.40 


x.so 


1.50 


1.50 


1 .00 


•»5 


•25 


•25 


•*5 


a. 00 


2.00 


2.00 


3.00 


3 ^^1800 


»•<•+& 


»■<•+& 


"•+& 


. .001/ 


.001/ 


.001/ 


.001/ 


9-40+.7 


10.90 + y 


13-90 + * 


8.07 + y 


8.15 +y 


9-65 + y 


"•65 +y 


7-33+ y 


7-7<> + y 


8.50 + * 


9-40 +y 


6.80+, 


6.45 +J 


7*S+y 


8.15 +y 


6.05 +y 



63. Drag Scrapers. — A drag scraper holds about J of a cubic yard 
and the team moves at the rate of 150 feet per minute. The team 



64 PRISMOIDAL FORMULA AND EARTHWORK. 

cannot travel on a direct line between pit and dump, and the lead is 
increased by 15 feet to allow for this. Then we have 

/ = _>— X- si = time in minutes for one trip; 
150 

__ 6°o _ 600X150 __ 300X150 _ 45000 . 
- / " 2(/ + i 5 )~ /+15 "/-fi5 ; 

«=.-?=- (150 

/+ 15 

54. A curve is constructed for equation (i$c) as the " carts" curve 
was constructed in Fig. 33. This curve for (15^) is laid on some 
diagram and is marked "drag." But in using Fig. 33 f° r drag or 
wheeled scrapers we must be careful to read the number of yards 
from the proper side. For drag and wheeled scrapers follow the 
vertical line to the proper curve and then follow the horizontal line 
through this point to the volume line on the right. 

Wheeled scrapers have the advantage of offering less resistance 
to traction and they can be safely utilized on longer hauls. The box 
is made of sheet steel and is about 3i X 3i X i± feet and con- 
tains, when full, about .56 of a cubic yard. The scrapers are gener- 
ally filled and emptied by special laborers at the pit and dump. The 
team is supposed to be kept going all the time and, as in case of 
drag scrapers, is supposed to travel at the rate of 150 feet per minute. 
Trautwine limits the amount hauled per trip as follows : 

For leads less than 100 ft 33 c" bic Y ard 

For leads between 100 and 300 ft 4° 

For leads between 400 and 500 ft 5° 

For leads over 500 ft 60 

It is supposed that the team travels 25 feet more than the lead on 
account of tne necessity of keeping out of the way of the other teams 
and of mak.ng a partial circuit both at the dump and pit. Then 
using the same notation as before we have 

15000 
For leads less than 100 ft * = . r 

18000 
For leads between 100 and 300 ft n = 

22500 
For leads between 400 and 500 ft n = 

^ , . , 27000 
For leads over 500 ft n = — 

/+25 

55. Wagons. — For long hauls wagons are often preferred to 
wheelers, and beyond the ordinary free haul they are thought to be 
more economical than either wheel or drag scrapers. A team of two 
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NO. CU. YDS. FOR CARTS BARROWS & WAGONS 

8 8 6 §_ 




NO.CU.YDS.FOR WHEELERS & DRAGS 



66 PRISMOIDAL FORMULAE AND EARTHWORK:. 

horses usually hauls about $ to f of a cubic yard at a load, and with 
such a load can travel about 180 feet per minute. The wagons are 
loaded at a " trap," which consists of a floored bridge with an aper- 
ture across a cut 8 to 10 feet wide, and deep enough for wagons to 
pass under, or a platform, constructed of logs or framing high enough 
for a wagon to pass under, which is reached and left by inclined 
roadways. The wagon is driven under the bridge and stopped, and 
the scrapers are driven across the trap and dumped as they pass the 
opening, delivering their load in the wagon below. It requires 
good management to prevent great loss of time in having one 
wagon standing idle while the one ahead is loading. 

About five drag-scrapers are used* to a trap. The earth is scraped 
up if of sand or soft loam, otherwise a two-horse, three-horse, or 
four-horse plow is used according to the toughness of the soil. One 
plow can readily keep five or six scrapers supplied in light soils. 
Contractors estimate that one scraper for ordinary leads can deliver 
40 cubic yards or 200 loads per day of 10 hours. The time required 
to load one wagon will be 2} (say 2\) minutes. If /= length of lead 
in feet, the total path described cannot be less than (2/4-90) feet. 
While one wagon is loading, the one in front travels a distance of 
180 X 2\ = 450 feet. The wagons in motion should be this far apart 
in time. The time of unloading and rearranging the wagon-body 
will be about two minutes. 

If / = time in minutes of making complete round trip, we have 

2/4-90 , / 

/ = 2\ -f- 2 H ^- = 5 H — . 

81 ' 180 90 

If no time is lost, no wagon should be within 450 feet of another. 

Counting the filling as 450 feet and the dumping 360 feet, the 

2/ , / 

number of wagons necessary will be r =2 "T™' Then for leads 

of 225, 450, 675, 900, etc., feet three, four, five, six, etc., wagons are 
.needed. 

If N = number of cubic yards that one wagon can haul per day 
of 10 hours, we have 

8 600 480 
N = — X j = r- 

OX) OX) 

From the "wagon" curve, Fig. 33, we can read off the number 
of cubic yards a wagon can haul per day for various leads. 

56. Rook.— Hard rock weighs from 150 to 168 pounds per cubic 
foot. A cubic yard will therefore weigh 150 X 27 (4050 pounds) or 
27 X 168 (4536 pounds), that is, about 2 to 2.26 short tons, or about 
i 8 to 2 long tons. A solid cubic yard of hard rock when broken up 
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by blasting so that it can readily be handled by wheelbarrows 
occupies a space of ij cubic yards. A cubic foot of the loosened 
earth will weigh about 90 pounds. Now a wheelbarrow's capacity 
by volume is about fa of a cubic yard ; the weight of full load will be 
90 X 27-^-14 = 174 pounds. But fa of the cubic yard of stone in 
place is a little less than fa of the broken-stone yard. Thus it will 
require 24 loads of about 177 pounds each to haul one cubic yard in 
place. On account of the growth the one yard of solid rock makes 
1.8 yards, and as the barrow can haul only fa of one yard, the 
capacity of the barrow when measured in terms of the original cubic 
yard will be fa (Trautwine gives fa). 

The actual cost of loosening in place, including drilling,- powder, 
tools, etc., is about 45 cents per cubic yard. In practice it will 
range for rock usually classed as " hard " between 30 and 60 cents, 
depending on superintendence, strike, toughness, hardness, and 
thickness of stone. 

Then the number (») of cubic yards that can be transmitted by 
carts or scrapers is as follows : 

540 
For barrows • . . ; 



•*( 1 - 6 + i=)' 



1000 
For carts n = 



67. Excavation by Steam-shovels.— Where the excavation is on 
a large scale and where temporary tracks are of easy construction, 
the cost of excavating can be greatly reduced by the use of steam- 
shovels. Actual experience has shown that the cost is only about 
\ to I of what it would be by hand labor. There are several types 
of machines in use, and many of these types are constructed in 
different sizes, depending on the contents of the dipper, which varies 
from li to 2\ cubic yards. The weights of machines corresponding 
to these different sizes vary from 20 to 40 tons. Their capacity of 
course varies with the kind of material and the time lost in laying 
new track and moving forward. A good machine without inter- 
ruptions can deposit into cars four dippers of gravel or sand per 
minute, or one in every 15 seconds. This would give a daily 
capacity for the larger machines of 2400 dippers. It is needless to 
say that this is not realized in practice. Allowing one hour per 
day for lost time in shifting, waiting for cars, etc., the amount of 
earth of the different grades the best shovels can handle is given 
in the following table :* 

• Taken from paper by B. A. Hermann, Engineering Nrws, June 39, 1893. 
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Delav 

in 
Hours. 


Daily Output, in Cubic Yards. 


Size of Dipper. 


Sand. 


Dry 
Loam. 


Dry 
Clay. 


Damp 
Clay. 


Stiff 
Clay. 


Remarks. 






2400 
1800 
1600 

X200 
IOOO 
750 


2000 
1500 

X200 

£ 

600 


1800 
x 35<> 

IOOO 

750 

700 
525 


X200 
900 
80O 
600 
500 

375 


800 
600 
600 
45o 
400 
300 




2U cu. yds 

1% cu. yds 

j% cu. yds 


Average 

Good 

Average 


i cu. yd 


Average 



The Otis shovel (built by John Souther & Co., Boston) has a rec- 
ord of 38,168 cu. yds. for the month of October, 1894, and for four 
other months under the same management it averaged 34,000 cu. 
yds. per month. It is rare that the monthly output falls as low as 
10,000 cu. yds. even in the hardest of material that the excavator 
can work. About 500 cu. yds. per day is the minimum daily output 
in very hard material ; in medium hard about 1000 cu. yds. is a good 
average, although the Otis, Victor, and many other good machines 
have much higher records. It is of great advantage to have cars 
that will contain as many cubic yards as possible, to prevent delays 
in waiting. The cars generally hold from 3 to 8 cu. yds. 

The machine is operated by an engineer ($4 per day), a cranes- 
man ($4 per day), and a fireman ($2 per day), and four to six pitmen 
(at $1 to $1.25 per day each), if the cut is not deep enough to 
need polling, i.e., breaking off the edges of the bank that are too 
high for the shovel to reach. To the cost of labor must be added 
that of an overseer; and the cost of oil waste, water, coal, interest, 
and depreciation will run the daily expenses up to something like 
$30. The actual cost of excavating, then, will vary from 1 to 6 
cents per cubic yard under most favorable circumstances. The 
Michigan Central has reduced the cost of loading gravel ballast to 
1.7 cents per cubic yard. 

68. Overhaul. — In contracts for earthwork it is usual to let them 
at so much per cubic yard for all hauls under a specified distance, 
called the " free haul." All material transported beyond this is 
allowed for at so much per cubic yard for each 100 feet of extra 
haul. The extra distance is called the "overhaul." This question 
of overhaul is often a source of dispute between engineers and con- 
tractors, and it is of the utmost importance that all specifications in 
regard to this matter should be clear and explicit. 

In Fig. 34, if G and G\ be the respective centres of gravity of cut 
and fill, the distance PM is the average haul. It is found most 
easily by finding the centre of gravity of excavation and embank- 
ment as masses or as geometrical solids. In effect average haul is 
equal to the quotient obtained by dividing the sum of the products of 
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each yard of material by the distance it is hauled by the number of 
cubic yards of earth transported. In Fig. 34, ACE represents the 
profile of the centre surface line and L/C represents the grade line. 
Now if all of the earth that is taken out of cut is taken into the em- 
bankment, and the distance {d) between G and Gi is less than or 




Fig. 34. 

equal to the free haul, no extra charge should be allowed for over- 
haul. The free haul is often as high as 500 feet. 
If n = number of cubic yards taken from cut to fill, 

d = distance in feet between centres of gravity of cut and fill, 
a = free haul in feet, 

y = price per cubic yard for each 100 ft. of overhaul, 
' c = charge for overhaul in cents, 



then 



IOO 



A contract is sometimes written so that the contractor will receive 
y cents per yard for each additional 100 ft. beyond the free haul, the 
haul to be measured from centre of gravity of excavation to extreme 
haul in embankment. With the foregoing notation, the cost per 
yard at this form of contract would be given by 

IOO 

where n = number of cubic yards in CEL. 

The additional allowance, then, for this method over the former 
accurate and proper method is 



ny 



(PL). 



If there is more earth in the excavation ACK than is needed for 
the fill CLE, and if it would not be economical to use it for other 
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fills, it is wasted. The charges for earthwork are generally arranged 
under the three items "fills," "wasted," and "overhaul." 

69. General Specifications. — A set of specifications should be fur- 
nished by the railway company, setting forth the character and 
quality of the work that will be required before acceptance. These 
should form the basis for intelligent bidding on the part of the con- 
tractors, and should serve as a guide for the engineer in charge, 
showing him what requirements the work must fulfil. Besides 
stating that the work must be finished in a " true workmanlike man- 
ner, etc.," it should be noted and distinctly understood that the en- 
gineer in charge has complete jurisdiction over the work and full 
authority to decide all questions pertaining to classification, haul, 
distribution of material, locus of borrow-pits, and on all other ques- 
tions that may come up for discussion between the contractor and 
the railway company in regard to the work being done. 

(a) Width of Road-bed. — The road-bed on embankments should be 
from 12 to 14 feet wide for fills less than 3 feet in height ; 14 to 16 feet 
for fills from 3 to 6 feet in height ; and from 16 to 18 feet for fills 
of greater heights. For cuts up to 6 feet in depth the road-bed should 
be not less than 18 feet in width; for cuts from 6 to 12 feet in depth,. 
20 feet in width ; for cuts from 12 to 18 feet in depth, 22 feet in width ; 
and above this, 24 feet wide. 

(b) Side Slopes. — The angle of slope of banks depends on the 
class of material ; for fills of ordinary earths, such as sand, loam, 
and clay, a slope of 1$ horizontal to 1 vertical is usual. For loose 
rock fills a slope of 1 to 1 is sufficient. For cuts through ordinary 
earth material a slope of 1 to 1 is usual, except sometimes for 
sand or very loose earth a slope of i\ to 1 is necessary. For rock 
cuts slopes of J to 1 and J to 1 are sufficient, depending on the class 
of work. 

(c) Classification of Material. — Material in excavation is classified 
as "earth," " loose rock," or " solid rock," according to difficulty 
of removal. Sometimes a classification "gravel" is used as inter- 
mediate between earth and loose rock, but this is hardly ever neces- 
sary, as the three first mentioned can be made to include all material 
and justice be done to all parties concerned. " Earth" excavation 
includes all material that can be readily removed with plow and 
scraper. " Loose rock " includes all boulders and detached masses 
of rock from 1 cu. ft. to 1 cu. yd. in dimension, also such material as 
slate, shale, soft sandstone, "hardpan,"and all material that cannot 
be loosened up with a ten-inch plow behind a good team of six horses 
or mules well handled. "Hard rock" includes all boulders and 
detached masses of rock greater than 1 cu. yd. in bulk, all rock in 
solid beds or masses in its original stratified position, and all material 
which, in the judgment of the engineer in charge, cannot be removed 
except by blasting. To avoid controversy on the part of the con- 
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tractor, it should be distinctfy understood and stated that the engi- 
neer in charge shall decide on all classification, and he, in his decision, 
should be governed by the actual difficulty with which the material 
is removed. 

(a 7 ) Distribution of Material. — The material from cuts should be 
used for making fills up to a point when the amount for overhaul 
becomes equal to the price per yard; the remainder should be used 
for widening fills already built, or should be deposited in " spoil- 
banks" outside of prescribed limits. As far as possible, embank- 
ments should be statfed at the base with the full width indicated by 
slope-stakes, and be built up to true slope without widening from 
top. 

(e) Overhaul, — For all material from cuts hauled into embankments 
beyond a certain distance, termed the " free haul," to the original 
contract price per yard is added an amount, usually i cent per cu. yd. 
per ioo feet hauled. This excess in distance beyond the " free haul " 
is termed the " overhaul." Properly defined, the overhaul, as be- 
fore explained, means the distance from the centre of gravity of the 
material in the cut to the centre of gravity of the material in em- 
bankment, less the " free haul," but its intended meaning should 
be definitely and clearly set forth in the specifications, as an ob- 
scure statement of the terms has been construed to mean the distance 
from centre of gravity of cut to extreme haul in fill, which almost 
doubled the customary price for overhaul. 

(/) Shrinkage. — It should be stated that all material will be paid 
for in " excavation" measurement only; or where measured in em- 
bankment, when it is not possible to get a fair estimate from borrow- 
pits, a certain per cent will be added for shrinkage. This amount, 
which varies for different material, must be decided by the engineer 
in charge. For wheelbarrow and cart work from 15 to 20 per cent is 
added to the original height of bank ; for scraper work, from 2 to 5 
per cent. 

A berm of not less than 6 feet in width should be left undisturbed 
along all embankments. The borrow-pits from edge of berm should 
have a slope equal to the slope of the embankment. Borrow-pits 
should be dug so that they may be easily drained. 

bO. Profiles — Profiles are plotted on special paper, ruled for the 
purpose. There are three styles, plates A, B, and C, differing in 
number of horizontal and vertical lines per inch. Plate A is best 
adapted for general work, of which Fig. 35 is a type. For the pur- 
poses of railway location and construction, profiles are divided into 
Preliminary Location, Progress, and Final. 

(a) Preliminary profiles are made for comparative purpose only. 
The approximate quantities of excavation and embankment are de- 
termined by scaling the distance from the grade line to the surface 
which corresponds to the centre height of the cut or fill; considering 
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the section as level, the volume in cubic yards can be read off from 
the Earthwork Diagram. Estimates of clearing, grubbing, piling, 
trestling, etc., are also made. Of several preliminaries, the one best 
suited to all purposes as regards cost, maintenance, and operation, 
is selected, and along or near this the location is made. 



STATION. 



NET CROSS SECTIONS. 



NET AREA& 



683 



664 



666 



667 




Fig. 36. 



(6) Location Profiles.— After the location has been made, all curves 
run in, all grades, lengths of openings, size of culverts, pipes, etc., 
finally decided upon, the location profile is constructed, of which 
Fig. 35 is an example. As in case of preliminary profiles, the ap- 
proximate amounts of excavation and embankment are estimated 
from the profile by calculation or by the aid of the Earthwork Dia- 
gram, and the volume in cubic yards recorded on each cut and fill. 
An estimate is also made of the piling, trestling, clearing, grubbing, 
etc., and all recorded in a general summary of approximate quanti- 
ties for each section. The location profile is the " working " profile. 
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Eaeh contractor should be furnished with a copy of his part of the 
work, each division engineer with a copy of that part which includes 
fcis division, and the resident and chief engineers should retain copies 
in their offices for reference. On it the alignment notes, high -water 
marks of the streams crossed, land* line ties, and ownership should 
also be recorded. 

(c) Progress Profile. — The location profile can be used as a progress 
profile, but it is better to have a separate profile for this purpose. 
On it the work done in different months should be shown in different 
colors. The colors should be laid on lightly so as not to obscure the 
lines of the profile paper. A progress profile accompanies the 
monthly report and estimate of each division engineer, which record 
is duly transferred to the profiles of the resident and chief engineer. 

(d) Pinal Profile. — After the completion of the work a final pro- 
file is prepared, which shows all data possible in connection with the 
construction of the road-bed and its condition at time of completion. 

Section. 
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Fig. 37. — Proposed 
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The actual grade line, alignment notes, position of all bridges, 
trestles, culverts, crossings, cattle-guards, etc., should be shown. 
The amount and classification of all quantities paid for during con- 
struction should be recorded on each section. A note of all land-line 
ties, ownerships of adjacent lands, width of right of way, records of 
deeds, etc., would add to its value. A copy of this profile should be 
retained in the office of the chief engineer as a reference. 

61. Field-notes are permanently recorded in books specially ruled 
and marked for the purpose. Besides the ordinary transit and 
level books, the cross-sections of the road-bed at each station are 
plotted in a book (a sample page of which is shown in Fig. 36), and 
one similar to this can be used for sketching in topography. For a 
record of cross-section notes, amounts and classification of earth- 
work moved during construction, a field-book with pages ruled and 
marked as in Fig. 37, should be used. This is for the use of the 
division engineer and when filled out constitutes also a complete 
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record of all surface, grade, and alignment notes, and distribution 
of materials in excavation and embankment. In the " Remarks " 
column, notes on all clearing, grubbing, piling, trestling, and culverts, 
etc., can be recorded. This field-book, with the cross-section book 
(see illustration) and progress profile, constitutes the record of all 
construction work supervised by the division engineer, and on com- 
pletion of the division the books and profiles are turned in by him 
to the office of the resident engineer. 

The field-notes of an actual location are given in the field-book 
shown in Fig. 37. The classification is not given, as the data can- 
not be fully obtained till the grading is finished. One page of a 
cross-section book is given with the form of cross-section taken 
from the field-book in Fig. 37. 
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62. Let E'ECDH be a railroad cut where E'E is width of road-bed 
and E'IfsLnd EC are the side slopes. For the sake of uniformity we 
shall, as usual, let all dimensions on left of centre line be indicated 
by primes. Thus EE' = 2a, CT — h, ET = sh % AD = c t HQ = h\ 
E'Q = sk'. 

We shall indicate the coordinates at first base, mid-section, and 



H 


] 


A X 


-» 


Q 


E\ 


/E 


T 



Fig. 38. 

second base by subscripts. At first base the coordinates are h x , sh Xy 
o, ti \ sh'\ at mid-section h^ sk^ c± t h^ ', sh±\ and at second base h% % 
sh it c %> h*\ s7i* t and at any section a distance x from first base the 
coordinates are A x > sh Xi c Xt &x\ sk x \ etc. 

In terms of the general coordinates, the area (A") of E'ECDH can 
be found as follows: 

Area E' ECDH=AECD+AE' HD=A TCD-ECT+AQHD-E'QH 
= \(AD+CT)A r-lCrxEr+l(AD+/fQ)AQ-$J/QXE'Q 
== (h + <:)(« + sk) - W + i(<r + k')(a + sk') - \sk'* 
= ac + (a + cs)(k + k'y 
= W+*0 + **(>* +>*') = ^ (C) 

bttg = distance of centre of gravity of section from DA, 
Join AC and AH, 

Distance of c. of g. of ADC from AD = \(a + sk)\ 
Distance of c. of g. of ADHirom AD = t(a -f sk'); 
Distance of c. of g. of A EC from AD = \{2a + sk)\ 

-^ 77 

^DNIVEHSITY 



i- 



i.!.iK 




73 PRISMOIDAL FORMULA? AND EARTHWORK. 

Distance of c. of g. of AE'H from AD — \(ia -f sh'). 
The areas of these triangles are, respectively, 

ADC = \c{a+sh\ ADJf=tc(a + sA l ), AEC=\ah. AE x H=\ak\ 
By taking moments about centre of gravity, we get 

- (a + sfi)(a +sfi -3£-) + a -h(2a + ^-af) 
o o 



= -(<* + **'K* + sk' + art ^ *'(2* + sh' + #). 



oA 



(D) 



If we substitute in (C) and (D) the values of c, A, and h' at the 
section x we see that A" is a quadratic function of x % and that^ is a 
linear function of the same. Let the side slopes intersect at 0. The 
triangle OEE' remains constant. AO = a -*- s. Draw the line Zf/* 
parallel to EE'. 

AE'HD - AEPD. The triangle DPC = AECD - ADHE\ 

.\ area DPC~\\a(h+ c )+shc-a(h'+c)--stic'\=\{a+scXh--h'). 

Let g = distance of c. of g. of DPC from ,4/?. By taking moments 
about OD and introducing OAE and OE'A for simplicity, we have 



2 



; (a+sc)(A - h') = *(' + *)(« + "*)* " *(' + ')(« + sW\ 
$g = 2 a + s{k + A') = a* + </'. 
63. Let 13 in Fig. 39 be the centre line of a curved track and 2674 




Fig. 39. 

the intersection of the outer slope with the terrain, and 9S that of 
the inner slope. 

Now ci, <r a , and h\ % £/, h*, and h* are the centre cuts and side 
heights at stations (i)and (2) respectively. The two end sections 92 
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and 45 make, an angle m at the centre 0, and suppose 65 to be an 
intermediate section making an angle with first section. The 
centre cut and side heights at this intermediate section will be 
denominated respectively cq, A 0t and hj. 

0, 
.-. c 9 = a H (r 9 — ci); 



h 9 = h x + —(hi — h x )\ 
tn 

*$' = **' + %(**'- *'). 

For convenience let c% — ci=e t A 9 — At=n t h^'—hi—n', hi—h\=f x% 

If K 9 represents the area of triangle DPC in section on OC, we 
obtain 

K % = K' + «#X*# ~ V) = i(* + «i + -Wi + ^(»-»')) 

3^, = ao + *(-«« + -4,') = 2<* + *i + *,' + -(« -j- »'). 

In the same way we can establish the fact that any other area in 
the cross-section that has variable coordinates is a quadratic func- 
tion of h- w, and that the distance of its centre of gravity from the 
central line is a linear function of -+- m. The triangles A EC arid 
AEH are linear functions of fi^-», as they rest on a constant base. 
If /= distance 1583, then Rm = /. 

64. General Proof of Correction Formula.— From the theorem of 
Pappus (or Guldin) we know that the volume generated by an area 
revolving around an axis in the plane of its area is equal to the area 
multiplied by the path of the centre of gravity. 

Let PQ f Fig. 39, be the path of the centre of gravity of the cross- 
section and xy = an infinitesimal length of path of eg = ds. 

Its normal component = ox X db = (R + g)dQ. 

We may represent JC 9 and g 9 under general form as follows : 

JT^A + sl+C^, (E, 

g - D + £-. . . . v . . , . . (F) . 
But dV = AX* + fidbLi = *£. + C^j (r + D + ££)<*. 
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- ~jf[(*+*^S)(*+*M4+*St«5)> 

In formulae (E) and (F) make 6 = 0, \m % \m y and m. 
.'. K\ = A, g,= />, 

K\ = A + - + - , ^ = D + i^, 

24 

a^ 3 = ^r + ^ + c, ^ 8 = z? 4- ^, 

a 3 9 f 3 

Also, K+iK± = 3A -f^-f--, AT 9 + 2 Ari = 3A + 2£+^, 

gi + J^a = 2^. 

If the area A'^ should move simply by translation, its general form 
would be 

A\ = A + £x+ CxK 

The volume generated by K x in distance / is given in Article 19. 
Calling this volume Fj, we have 

The error or correction for curvature is therefore represented by 
the last two terms of (G). 

Correction =j[^ +| + |)+^ + f + f)] -..(H) 

= ^[^ 1 ^+ 4 A^ A +AVI] (16) 

= ^[(A'i + %K k )g x + ( K\ + 2 k\)g*\ 

= ^tx>g> + 2*rte>+g*)+Ar*g>] (I) 

Formulae (16) and (I) can be easily remembered by their similarity 
to two well-known formulae. Formula (16) is of the same form as 
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the Newtonian prismoidal formula, while (I) is analogous to the 
41 three-moment " formula of higher mechanics. 
Formula (H) can assume the following form : 

Correction = -^[AD + 3 (A + f B + \C\D + fff>] + ^EC 

If C=o, we have a two-term correction formula. 


If A'* is a cubic function of — , that is, if 

9 tn 

6' 6' 

9 mm* m* 

6 
and = ^ = D + -£— , 

the correction is given by the following formula: 

Correction = ^[^V» + A*tf\ + ^V»] - J^ £F ^ 

Problem 8.— The road at a crest is graded to the form of the com- 
mon parabola each way where K== Tufam**- The surface ground 
longitudinally was falling at the rate of 7 to 100, and transversely 
at the rate of 1 in 6 toward centre of curve. The centre cuts are 
given by 

Cx = 24 + Tchm** - tJ**- 

Therefore h x — \(c-\- 2), hj = {{c — 2), where a = 12 and x = { . 

Area of Z>/>C(see Fig. 38), A^ = {(^ + 8)', ^ = 8 + i«2' x + 1). 

If R = 2000, find correction in volume due to curvature. 

65. RanMne's Method of Correction. — "Where earthwork occurs 
on a sharp curve. Calculate island E'Q (see Fig. 38) required for 
the two slopes; v take their difference and divide it by three times 
the radius of the curve: the quotient is to be added or subtracted 
from unity according as the greater half breadth lies from or towards 
the centre of the curve. The result will be a factor by which the 
area HOC in Fig. 38 is to be multiplied. From the product sub- 
tract the area OEE '; the remainder will be the area modified for 
curvature; then proceed usual." 

In Fig. 38 the quadrilateral OHPD has its centre of gravity on the 
centre line DA y and the volume generated by it will need no correc- 
tion. The correction must, therefore, be made for the triangle 
DPC. 
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Let ^ = distance of centre of gravity of OHDC from OD. By 
taking moments about the centie of gravity we have 

Area OHDC- K - -(c -j- - J(2* + sh + j>4'). 

. -. Ar = f * + .f W + s>* + j/i'Ki? + *v 0. 
.'. V = ^ + ^W + sh + sk') + ^(c + t\(2a + sk + sh')(sh - sh') 

If the ground is higher on concave side, (sh — sh') becomes nega- 
tive; hence the rule as stated. This correction is based on the 
hypothesis that the area remains constant throughout the length. 

Formula (17) gives the correction of the volume generated by the 
whole area OHDC, We must subtract the volume generated by 
OEE'. Calling this area A", we get exact volume generated by 
ECDHE 1 



-{4+'-^)--] 



(J) 



This formula (J) was published in John Warner's "Earthwork" 
(1861), and Rankine adapted and simplified it as above. 

Problem 9. Given 2a = 28, h = 40, ti = 16, c = 28, s = J, R = 1400, 
/= 100, find exact volume and correction due to curvature. 
Volume = 197792 cu. ft. Correction = 1792 cu. ft. 

66. Henck's Method of Correction. — Let 789 be the centre line, o 
the centre of curve, A23 intersection of inner side slope with terrain, 
and 654 that of outer. 

The sections normal to curve at 7, 8, and 9 are 16, 25, and 34; but 
if the sections are taken perpendicular to the chords 78 and 89, these 
will be BA, CD, FE, and GH. 

The volume between 7 and 8 will be that included between 16 and 
25. This is equal to that included between AB and FE if the gener- 
ating area is constant. 

If we use the sections perpendicular to the chords in estimating 
the volumes, we take in DSE too much and leave out that of F&C. 
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At 7 we take in 17^ and omit 76B. If the ground is level, these 
areas and volumes practically balance each other, for the short arcs 
DE and FC can be taken as straight, and on level ground 85 = 28- 




O 

Fig. 40. 

The mid-ordinates of DE and FC will be calculated for the special 
example given by Henck. 

(FC)' 



Mid-ordinate of FC 
Mid-ordinate of DE = 



8(* + d)' 
(DEf 



8(j? - d') 

Take R = 1400, arc .78 = arc 89 = ioo' f angle 405 = 4 5' = angle 
FZC= degree of curve, h = 40, h! = 16, 2a = 28, s = |. 

38 
/>^ = ^X4iV = 2.72ft. 

^= 5 ^X 4 A = 5.27ft. 



Mid-ordinate FC = 



Mid-ordinate DE = 



8 X 1472 
(2.72)* 



= .48 inch; 



= .00814 inch. 



8 X 1362 

It is evident from this last investigation that we can, with entire 
confidence as to the accuracy of our work, let the volume DES and 
FC8 balance each other on a level. It is, however, unnecessary to 
enter into these considerations when the side heights are equal, for 
the centre of gravity of the cross-section is always on the centre 
line. 

From Fig. 38 we see that all correction must be due to the triangle 
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DPC t which is known as the correction triangle. Henck treats the 
volume generated by this triangle in moving from SC to 8^ as a 
prism. However, instead of following Henck's Method in using the 
sines of the degree of curve, we can use the circular measure, as in 
this case it is more accurate and is always shorter. We have always 

D=^. 
R 

Volume generated by DPC is equal to the base multiplied by the 
one-third of the sum of the three edges. 

Area base = \{a + cs)(k - A') = K. 

Average height = — — (2a -f- sh -f sh) = — —(d + d'). 
3R 3R 

Volume correction = i— (a -f cs)(h -*%/ + d'). . , . (18) 
oR 

In the example we have, correction = # X 56 X 112 = 1702 

6 * 1400 v 

cu. ft. 

Another method based on Henck's : The distance of centre of grav- 
ity of DPC from centre line is, from Art. 62, = \(2a + sh -f- sh') = 
■k(d-\-d'). Multiply the area DPC by the path of its eg, and we obtain 
the volume. 

Path of eg = -£- (2d +j* + **'» = ^<2« + ** + **') = !??(* + *'); 
57-3 3^ 3^ 

100 
Volume = 4(« + «X*-*') X — (2« + x/i + */&') 

= ~ (« + "X* - *"){.** + *>> + '*) 

= -F---^o- (,9) 

This formula is by far the shortest and simplest yet determined. 
Its applicability to cases where the volume is not constant will be 
noticed later. 

67. If we wish to find the correction in cubic yards, we have 

81x5730 v ^ 81x5730 4640 

where W = d + d\ £ L .* \] 
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The correction therefore varies directly with the degree of cur- 
vature, and we can assume a one-degree curve and find corrections 
for various values of A' and IV> and then multiply by the degree of 
curvature. 

. c= KW 
4640' 

If we assume W equal to (say) 20, then C varies directly as A", and 
the equation represents a straight line. Assume K = 1 160 and 
fV= 20. .*. C=5. By joining the points whose coordinates are (0,0) 
and (1160, 5) we locate the 20-line. In the same way we can locate 
the 20-line, the 30-line, the 40-line, etc. Example : To locate the 
40-line we assume W= 40 and K = 1160. .\ C= 10. Layoff 1 160 on 
horizontal line from o and erect a perpendicular at the point thus 
found, and lay off to any scale 10 parts on this perpendicular measur- 
ing from the horizontal line. Join the last point determined with o. 
This is the 40-line. Then after the diagram (Fig. 41) is constructed, 
to find the correction for any width and area, we find on the horizon- 
tal line the area, and follow the vertical to the line representing 
the width ; then read off the correction in cubic yards in the right 
margin. This will be the correction on a one-degree curve ; and to 
find the correction on any other curve we have simply to multiply by 
the degree of curve. 

In the problem given above we find 

K = (a + cs)(A - h') = 4(12 + 28 X f)(40 - 16) = 672 sq. ft. 
g = \{ 2 a + sA + sh') = «28 ■+ 60 + 24) ~ 37* ft. 

Volume = ^= X -52^Z? X 112 = 1792 cu. ft. 
R * 1400 

68. General Formula for Area. — From Art. 62, we have 

K = (a + sc){h - /*'). 
M=*a + s(h + h 9 ) -= d + d'\ 

but for any intermediate section obtain 

g 
C * = Cx + nh " Cl) ' 

h § = A l -f -(*, - *,) 

9 m 
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A'#=J(«+*r # X* # -V)=*( <| - J ^X^i-^i')+ 2 -(«+^iXAt-Ai+Ai'-^t') 

+ s(h x - A/Xft - *H — t (* - *X*« - *» + a,' - V) 

J0* 

+ - f (*-'iX*«-*i+*i'-V) (K) 

3f # = 2* 4- *(*# + V) = 2« + 4*! + ///) + ^(>* a - A, + A,' - A/) 

= ar + *(*. -*. + *.' -*'). - . • (L) 

It is unnecessary to carry out the proof for correction formulae for 
(K) and (L),as we have already established this formula for a general 
quadratic equation; and, as all ordinary earthwork cuts fall under the 
form of Fig. 38, the general law as indicated in formulae (H), (16), 
(I), applies. 

Example. — Given 2<j = 28, h x = 44, h\ — 22, c t — 30, A* = 36> 
hi = 10, c% = 26, R = 1400, / = 200, find total correction. 

K x = 644, jT, = 344.5, K k = 672, 

^ = 1(127), g* = «97), *> = *('«)• 
Correction = 3574 cu. ft. 

If we assume that the area remains constant while describing the 
small arcs £6, CE, and £4, Fig. 40, we can aoply formula (19) for each 
section. 

(1) Correction at Station (7)* 

JC X = Ua + scM - h') = J(i 4 + 45X22) = 649; 
3g = 2a + j(*i + V) = 127. 

Correction = = 981.22 cu. ft. 

(2) Correction at station (9). 

Kt = 689, 3£a = 97. 

Correction = S = 795.63. 

(3) Correction at station (8). 

K\ = 672, zg k = 112. 
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Correction = — —- = i 



792. 



Total approx. correction = 3568.85 cu. ft. 
Exact correction = 3574.00 cu. ft. 
Error or approx. correction = 5.15 cu. ft. = .57 cu. yd. 

Problem ii. — Given in a two-level section h x = 24, h\ = 12, 
2a = 20, h% = 10, h x ' — 30, on a six-degree curve, find exact and ap- 
proximate corrections in cubic yards. 

Problem 12. — In the following table s = J, 2a = 18, / = 100, 
R = 1500, fill out volume and correction columns. 
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Fig. 37. 
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8 
20 


4 
M 


2 
10 
















2 


30 


22 


16 
















3 


4» 


30 


24 
















4 


30 


24 


20 
















5 


20 


18 


14 
















6 


16 


16 


16 

















Problem 13. — Find correction for curvature in Problem 8 for an 
eight-degree curve. 

Problem 14.— The notes at station (1) are [J{, 14, |f], an( * th° se at 
station (2) are [Jf , 16, Jjf]. Find correction for curvature on a six- 
degree curve. 

Problem 15. — Fill out field-book in Fig. 37. 



CHAPTER IV. 

TWO-TERM FORMULAE. 

69. To find an expression for the mean area of a prismoid in 
terms of the bases and another section. 

It is thought that the following method of deriving such a pris- 
moid formula is published for the first time. 

Let B\ , Bt be respectively the lower and upper bases of a pris- 
moid. 

Let S be any section parallel to B x and B 2 ; 
H = altitude of prismoid BiB 9 ; 
a = altitude of prismoid B X S \ 
c = altitude of prismoid B 9 S ; 
A a = base of associate cone for prismoid B X S ; 
A c = base of associate cone for prismoid B%S ; 
A = base of associate cone for prismoid B X B% ; 
M = mean area of prismoid ; 
x = a + H\ 
» = c -h- H. 

Adding we get the total volume. 

- v ~ — + — + ^ tsr A * 

But V - MH. .-. M = V -s- H. 

,.* = f + ff: + *£_*!£*, (M) 
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89 



90 PRISMOIDAL FORMULAE AND EARTHWORK. 



Substitute the value of A found from (3) in (M), and we get 



M =*'-* 



*) 



. +■ 



,1 + 



B{ y — x* - g» ) 



2(1 - x* - *») ' 2(1 - x 1 - **) ^ 2(1 - x» - **)' 

Now x -f- z = 1. . \ x* + z* = 1 — 3Jr«(jr + z) = 1 — 3**. 

6jt 6jts 6* 



1 6x ^6^(1 -jc) 



+ 



Bt(2 - 3*) 



(N) 

(«) 

(22) 



6(1 - x) " ' • 
= /B i +eS + dB t , 
where/, *, d represent the coefficient of B lt S, and B 9 respectively. 



.'. /: 



3x - 1 



d = 



2 — yx 



6x ' 6x(i - x)' 6(1 - iix)' 

Transfer the origin for /to (o, \) and for d to (1, \), and we get 

fx = l, dx = l 

which are the equations to equilateral hyperbolas referred to asymp- 
totes OB and EF t and PQ and EE(Fig. 42). 
If for e we transfer origin to ($, o), we get 

2 * 



3 — 12*** 



(O) 



70. By making x vary from o to 1, we can get the following table 
of coefficients : 



X. 


/• 


e. 


d. 











•05 


- a- 833 


3.508 


•335 


.10 


— 1. 167 


».35o 


•315 


.15 


- .611 


1307 


.304 


.20 
.3114 


. - !a886 


1.042 
1. 00 


.292 
.2886 


•»5 


- .1666 


.888 


.277 


s 


- -o555 


.7936 


.262 





•75oo 


.250 


•35 


.00338 


.73a 


.243 


.40 


.0833 


.6946 


.2222 


• 45 

.50 


.129 
.167 


.673 
.6666 


.1969 
.1667 


•55 


.197 


.6730 


:£ 


.60 


.222 


.6946 


.667 


.250 


.7500 


.00 


.70 


.262 


.7936 


•0555 



By using x as abscissas and the corresponding coefficients as 
ordinates, we get the "coefficient " curves as shown in Fig. 6 It is 
noticed that the " coefficient M of S is symmetrical with reference to 
the line A"i, and that the curves (/) and d) are symmetrical, with 
respect to each other, with reference to the same line. 
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The (e) curve is asymptotic to lines x = o(0B) and x — i(PQ). 
The (/) curve is asymptotic to OB and line a = \(FE). 

It can be seen from equation (O) that the (e) curve is asymptotic 
to lines x = ± \. 

71. Coefficient Curves for Three-term Formula. — From Fig. 42,. 
where OP = unity, we readily see that by taking values of x from 
o to 1 the ordinate to (d) curve gives the coefficients of B 9t the or- 
dinate to (e) curve gives the coefficients of the floating section S, 
and the ordinate to the (/) curve gives the coefficient of B x , When 




Fig. 42. 

these sections are multiplied by their coefficients and added, a mean 
area is obtained, which, multiplied by the height of the prismoid. 
will give the true volume. 
When Jf = i, the coefficient of B x disappears, and we get 

M = *B* + ?i 
4 

thus verifying by the three-term formula Kinklin's two-term formula. 
When x = f , we get 

another verification of the same formula* This two-term formula 
can be considered a special case of three-term formula. By inspect- 
ing Fig. 6 or the table I, we see that if we wish positive coefficients 
we must take S in the middle third of the height, and, as it leaves 
the middle third, it verifies the two-term formula. 

The coefficients are symmetrical with reference to Kl or the mid-, 
section. 
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When x = }, we get 

M = \{B X + £* + 4^). 

72. By the use of equations (3) and (22) a two-term prismoidal 
formula can be derived by elementary geometry as follows: 
From (22) we have 

M - R 3X "~ X -L. 5 » , d 2 - 3* . 

^ - B *—z— + aw, _ j\ + ^»a7; 



6* 7 6*(l - x) ^ *6(l-xy 
then for any other section (Si) distant yH from B x , we have 

M=Bl *L=-L+ ?' +St ±=» (.a) 

6y 6y(i— ^) 6(1—^) x *" 

But ^ 9 = 2j!/ — Bx-\ . 

3 

By substituting this in (22) and (23), and reducing, we get 

2X ' 2X 6 

2y 2y 6 

Eliminate B x . 

Now if the coefficient of A in (24) disappears, we get a two-term 
prismoidal formula. 

The condition for two-term formulae is, therefore, 

bxy — 3 y — ix + 2 = o (25) 

By transferring the origin to (\ % \\ we get 

xy=- T \. ....... . (P) 

It is readily seen that this is an equilateral hyperbola referred to 
its asymptotes. 

The coefficients of Si and £1 are 

= 2 y - * = 1 1 - 2* 3(1-2*)' 

* 2(y-*) 4(3^-3^ + 1)' * 2(^-x) 4(3^-3^ + 1)' * W ' 

Transfer the origin to (|, o). 

. . 1 12** /D * 

• • * = r+T£?' * = r+i^ (R) 

If OR=OQ-=Jf, say 100, and (X4 and OC represent the respec- 
tive axes, the branches of the hyperbola can be plotted, and the 
ordinates and abscissas to the branch 123 between 7 and 8 and 456 
between 4 and 6 will locate all the sections between the bases. (Fig. 
43-) 
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The "coefficient" curve is obtained from equations (R), where for 
any value of x the ordinates from OA to the coefficient curve will 
give the coefficient of S% and the ordinates down from QD to the 
same point on the coefficient curve will give the coefficient of S\. 




Fig. 43- 

73. By easy calculation the following values of x, y, f>, and q can 
be found: 



X 


y 


Coefficients. 


h 










Of S x . 


Of s 9 . 








/ 


p 




.oo 


.666 


•750 


.25° 


.6667 


.05 


.685 


.709 


.291 


635 


.10 


.709 


•659 


•443 


.609 


•15 


.738 


•595 


•4«>5 


.5880 


.30 


.778 


.519 


.481 


.5780 


.21* 


.7886 


.500 


.500 


•5776 


•25 


833 


.429 


•57i 


.5833 


.30 


.917 


.324 


.676 


.617 


•33i 


1. 000 


.250 


•750 


.6667 


•35 


1.0*6 


.212 


.788 


•756 


•37* 


1.16} 


158 


.842 


.7916 


.40 


1-333 


.108 


.892 


•9333 


•43 


1.693 


•0556 


•9444 


1.063 


•45 


2.167 


.029 


.971 


1. 717 


•47 


3 278 


.Oil 


.989 


2.8o3 


.48 


4.668 


.00481 


•995 


4.186 


•49 


8833 


.002 


.998 


, 8 'J 4 3 
Infinity 


•50 


Infinity 


.0 


1 000 


.60 


--33J 


.108 


.892 




.667 


.0 


.250 


•750 




.70 


.083 


•3»4 


.676 




.80 


.22a 


•5*9 


.481 




.90 


.293 


•657 


•343 




1. 00 


•333 


•75o 


.250 
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The coordinates of 7, 8, 6, and 4 locate the sections for Kinklin's 
two-term formulae, and the ordinates to the "coefficient" curve give 
\ and \ for S\ and S* and vice versa. 

The coordinates of 2 and 5 locate the two sections equidistant 
from the bases, where x=.2H4 and j» = .7886, as given by Prof. 
Echols, and the "coefficient" curve crosses the asymptote on same 
ordinate, and gives/ = .50 and q = .50. The graphical construction 
shows that no real section of the prismoid (between bases) can occur 
for values of x between 8 and 6; i.e., within the middle third. 
However, good results can be obtained for all values of x from o to 
.45 and from .55 to 100. No sections can be taken at or very near 
the centre. Example: For any position, ov = x, vt =y, fg — q % and 
vg=p. 

74. "Position n and " Coefficient " Curves.— (1) To find the volume 
of any prismoid measure one section (£1) at a distance x/f= ov in 
Fig. 43, and measure the other section (5 3 ) at a distance from same 
base ^>/if=the ordinate to the "position" curve 728=2// for the 
abscissa vo. Then multiply the first section by vg and the second 
section by fg, where H= OQ — OR = unity. 

(2) The " position" curves are asymptotic to the lines y = \ and 
x — I, or to OA and OC. 

(3) The vertices of the "position" curves (hyperbolas) are on the 
diagonal QR of the square ORDQ. 

(4) The point of inflection of the "coefficient "curve is vertically 
below (above) the points 8 and 6. 

(5) The "coefficient" curve crosses asymptote O'A' on an ordinate 
through vertex of " position " curve. 

(6) For the last position, S-t is at a distance .2114^ from one base 
and Si the same distance from the other base, and the coefficients 
here are each i. 

(7) When x = o, ^=.667, and the coefficients are .250 and .750 
respectively, thus again verifying Kinklin's formula. 

(8) When ^=.333, ^ = i,and the coefficients are .750 and .250 
respectively. 

(9) At the points x = o, .333, .667, or 1.00, the " position " curve 
leaves the square, and the branches 728 and 456 give all the sections 
between the bases. 

(10) The diagram (Fig. 43) and table show very plainly that no real 
section (between bases) can be taken in the middle third. The three- 
term formula for positive coefficients requires the section to be taken 
in the middle third. 

75. In the Annals of Mathematics for November, 1894, Prof. 
Echols has shown that there is an infinite number of two-term for- 
mulas that will give the mean area of the prismoid. It is the object 
of the present article to follow his general method in order to verify 
the calculations of the preceding article. 




TWO-TERM FORMULAE. 9^ 

For convenience the two parallel sections will be taken between 
bases B% and B x . The section next to B% will be called S x , and that 
next to B\ , St. Then, let P be any section, and the 

Distance from P to section 5 9 = m , 

Distance between S\ and S* = h, 

Distance from P to section S x = A — m, 

Distance between section B\ and S% = a. 
Distance between bases B\ and 2? 9 = /f. 
Distance between /* and base B\ — z. 
From Elliott's extension of Holditch's theorem we have 

__ mS\ , (h — m)St m{h — tn)Ah 
~ ~T~ H ~h ~h ' 

where Ak = area of base of "associate cone" between sections S x 
and Si. It is clear that 

m = z — a : 



Now we wish to find the mean area of the section P between sec- 
tions B\ and B\ in terms of S x , S* , and Ah- Using the well-known 
formula for mean value for y — F{x) between the limits of a and b 
for x, we have 

M = mean value = I F(x)dx. 

a ~ b Jb 

From (S), then, 

= — ^— 5, + - 5, ^ ^. 

Now make h — c — a, where c = distance S X B X . 

__ H-2a Q .2c-H Q 3Hc + 3oH-bac-2H. 
2(r — a) 2(c— a) 6//* 

Make a — xH and ^ = yH. 

2(jv — or) 2{y -x) 6 
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Now, as in (24), for a two-term formula, the coefficient of A must 
disappear ; 

. \ txy — 3* — $y 4- 2 = o, 

and xy = — y 1 *; 

1 — ix 2y — l 

P = -7 ~ ~ 



2(y— jr)' y 2(y — x)' 
76. Prof. Echols gave as the condition of a two-term formula 

,'• + >/ +/• -|(.r'+/) = o, 

where x'A = a, and y// •=■ H — x'h. 

If we impose the condition that the sections (for convenience) are 
between bases, this formula becomes 

y*_ x y+y*_ |( y_y ) = . . . f . . ( T ) 

But H - h{y' -\- x')\ 

a = x'h = xH; 

y'h = H - x-H = H{i - x); 

IT 



h=y/f-xJ? = H(y - x) = 



/ + *'* 



and y = 

y+y = 



y - * 

I — jr 

y —*' 

1 



^ - * 

From equation (25) we have 

3x — 2 



^ = 



6* — 3 



« , ,\ „ 6* — 6x* — 2 rr 

But A = (y — h)H — H. 

6x — 3 

Substituting the values of x' t y' in (T) and reducing, we get 

6xy — 3* — jy -|- 2 = o. 

77. The distance (£) apart of the sections S t and £« is variable. 
For maximum and minimum values of h we have 

dh _ 36JC — 36** — 6 _ 
^ " (6* - 3) ~ °* 
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For maximum value of h, x = J and h = infinity. 
For minimum value x — (3 ± Ji/3 ) and h = .5776// = 



V3* 



For real sections of the prismoid£ varies from .5776 to .6666. The 
coordinates of the vertices of the equilateral hyperbolas give the 
sections that are nearest together. The height (A) is the ordinate 
between line OD and curve 123 in Fig. 43. 

From Holditch's theorem we have 

S — xB* + yBi — xyA. 
Combine this with (3) by eliminating (A), and we get 



OX 



M* - 3 *) 
6jr(i - x) ' 6(1 - x) * 



■ + 



78. To find an expression for the mean area of the prismoid in terms 
of the mid-section and two sections Si and S 3 equidistant from the 
mid-section: 

From (12) we have 



6x 6x(i — x) 6(1 — x) 



Then, again, 



M= Bx 



2 — 3x 



Si 



But 



'6(1 -x)^6x(i -x) 
B % = 6M - Bi - 4^. 



+ B* 



3x — 1 

1 — 7 • 

6x 



Substitute this value of B x in the preceding equations, and then 
eliminate B it and we have 



M = 



Sr + S, 



, 6(4**- 4x+ i) 



" 6(4** - 4* + I)" 1 " 6(4* - 4* + I) *" " 
= *(Si + S*) + JS. 
The following table of coefficients is readily calculated : 



(26) 



X 


k 


J 


X 


k 


J 




.166 


) .666 


.5000 
.6670 






.100 


.260 


•479 


1.500 


-1-333 


•1456 


•333 


•333 


.7041 


1. 000 


— 1. 000 


.2000 


.463 


.019 


.7500 


.667 


- -*33 


.2114 


.500 


.000 


.7886 


.500 


—0.000 


.2500 


.667 


•333 


.8564 


•333 
.167 


:® 


•2959 


1. 000 


— 1. 000 


1. 0000 


•3333 


1.509 


-1333 
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Let OB = altitude of prismoid = i. Then the two coefficient 
curves* (£) and (j) can be plotted as in Fig. 44. 




Fig. 44. 



If x = o or i, we get 



M = i(Br + B,+ 4^). 

2 ± V2 
If x = = .1464 or .8536, we get 



M = «5, + S* + S$. 



If x — A = OD or OG, we get Echols* formula 



(27) 



M = 1(5, + S 9 ). 



(28) 



79. If in formula (23) we make x = \ -f- *. and^ = J — z % the two 
sections 5] and S% are equidistant from the mid-section. 



If * = o, we get Koppe's formula, where 

If s = ± J, we get Hirsch's formula, where 
M= l(Bt + BJ-IA. 

If z = ± J ^3, we get Echols' formula, where 
M = i(.Si + S t ). 



(29) 
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We *hus see that the Koppe, Hirsch, and Echols formulae belongs 
to one group or family. 

The parabola QRL % Fig. 45, is the coefficient curve for A, where 

OD = i,J?G= A. QO = DL = - J, and OE = .ON=i(3 - Vii- The 
line A'U'is the coefficient curve for (S x -\- S*), where OC = DH = J. 
If z = ± f V 2I t we g e t another neat formula where 

M=\(Si + S*-A) (30) 

/ 

Ym 




Fig. 45. 
If z = ± y 1 ^ 4/30, we get 

il/ = 1(5, + J, - 7-) (31) 

80. If the section is a cubic function of its distance from any ref- 
erence section, as 

S x = a + dx + ex* + </x\ (U) 

there is only one two-term formula. 

Let Si = section at a distance zH from Bi , 
and Si = section at a distance yH from B\ , 
q = coefficient of Si, 
p = coefficient of S*. 
Then for " two-term M formulae the mean area (M) must fulfill the 
following conditions : 

M = qS\ -f pS% ; 
V = HM = H(qS x + f>S 9 ). 
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But from Article 23 wc have 

1, vl ,1>tf cH* dH*\ 

. jif <bHcH*dH* 

Now in (U) make a = zH and yff, and we get 
Si = a + zbH + cz*Jf> + dz'If*; 
S 3 = a + 4?/r+ <y f /r» + ^/fi. 
.'. J/ = qSy + PS* = (q+p)a + bff(qz+py) + «r/r«(?*» + /yt) 

4- cff+i* + py>) 

, £^ , cH* , <*#-• 

= a + — + — — + — -. 
234 

Then for a two-term formula we must have 

q + P =1; (a) 

?*+£>' = 1; (b) 

g** + py* = i; ' . . . (c) 

7* 8 +/>" = * (d) 

2y — 1 1-22: 
q = 1 — p = — and / = r. 

Substituting these values of p and q in (c) and (d) and reducing, 
we get 

6yz 2 - b y H - 32* + 3S* = 2(? — *). 
or 37 + 32 — 6^=2, .*. jk + z = i(2 + 6y«); . . . (25) 

and &yz* — 4** -\- 4J/ 8 -• 8*7* = 2(^> — 2;), 

or 4yz(z* — y 2 ) — 2(z 3 — ■ y % ) = (y — z)\ 

\yz{z + y) — 2(z + y) + 2yz = — l\ 
1^2(2 -f 6yz) - f(2 + 6yz) -\- 2yz — — i\ .*. ^ = £. 

•'• ; = J(3 T V3) and z = i(3 ± fS 

There is, therefore, only one two-term formula where the section 
is a c^bic function of its distance from some reference parallel sec- 
tion. If d = o, we have an indefinite number of two-term formulae 
as shown in Article 69 

81. To find any section graphically : 

By equating equation (22) with that of Newton and simplifying, we 
get 

S x = £i-x(?>B x \- B* - 4^i) + x\2B x + 2B% - 4^). . (32) 
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This equation represents a parabola, and any section can be found 
graphically. 

When x — o, S = B x \ 

x = .50, S = Sn 
x = 1, S = B%. 

In Fig. 45 lay off OJ — B u FG~ S\> and DM = B 3 ; then describe a 
parabola through these points. Any section at distance xH from the 
base can thus be found by measuring the proper ordinate. 

For another proof of this see Grunert's Archiv, Vol. XXXIX. 

(The two parabolas in Fig. 45 have no connection whatever.) 

The area of ODMFJ, where OD = Jf, gives the volume of the pris- 
moid. 

If in (32) we make S x = M = J(i?i + B* + 4*S*)t w ^ get the value of 
x where the sections are equal to the mean area. It is thus possible 
to get a one-term formula. 

If P — 3B1 + B* — 4^'i. and R = iB x + iB % — \S\ y we have 
S = M = UBt + B*+S k ) = B l +Px + Rx\ 
or Rx* —Px = \{B* + 4^ - 5^1). 

By solving this and substituting the roots Xi and x 2 in (32), we 
get M. 

If in (32) we make S x — M — \(B X -f- B 9 ) — \A and make z = 1 — x, 
we get 

Sx= UBx + BJ-iA =B + x(B*-B l -A)+Ax\ 

This equation will also give the values of .r where the section 
S x = M. In the same way we can get a one-term formula from this 
associate as we did from (42). 

We find that 



X = J J (A+B l -B,)± 
2A 



Y &B X -Btf+A* \ 
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Berg's Buildings and Structures of American Railroads 4to, 7 50 

Birkmire's American Theatres— Planning and Construction. 8vo, 3 00 

" Architectural Iron and Steel 8vo, 3 50 

" Compound Riveted Girders 8vo, 2 00 

" Skeleton Construction in Buildings 8vo, 3 00 

" Planning and Construction of High Office Buildings. 

8vo, 3 50 
1 
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Carpenter's Heating and Ventilating of Buildings 8vo, 

Downing, Cottages 8vo, 

" Hints to Architects ,8vo, 

Freitag's Architectural Engineering 8vo, 

Gerhard's Sanitary House Inspection 16mo, 

" Theatre Fires and Panics 12mo, 

Hatfield's American House Carpenter 8vo, 

Holly's Carpenter and Joiner 18mo, 

Kidder's Architect and Builder's Pocket-book Morocco flap, 

Merrill's Stones for Building and Decoration 8vo, 

Monckton's Stair Efuilding— Wood, Iron, and Stone 4to, 

Wait's Engineering and Architectural Jurisprudence 8vo, 

Sheep, 
Worcester's Small Hospitals — Establishment and Maintenance, 
including Atkinson's Suggestions for Hospital Archi- 
tecture 12mo, 

World's Columbian Exposition of 1893 4to, 

ARMY, NAVY, Etc. 

Melitaky Engineering— Ordnance — Pout Charges — Law, Etc. 

Bourne's Screw Propellers 4to, 

Bruff's Ordnance and Gunnery 8vo, 

Bucknill's Submarine Mines and Torpedoes. . .• 8vo, 

Chase's Screw Propellers 8vo, 

Cooke's Naval Ordnance 8vo, 

Cronkhite's Gunnery for Non-com. Officers 18mo, morocco, 

Davis's Treatise on Military Law 8vo. 

Sbeep, 
De Brack's Cavalry Outpost Duties. (Can*.). . . .18mo, morocco, 

Dietz's Soldier's First Aid 12mo, morocco, 

* Dredge's Modern French Artillery 4to, half morocco, 

" Record of the Transportation Exhibits Building, 
World's Columbian Exposition of 1893.. 4to, half morocco, 

Durand's Resistance and Propulsion of Ships. 8vo, 

Dyer's Light Artillery 12mo, 

Hoff's Naval Tactics 8vo, 

Hunter's Port Charges 8vo, half morocco, 

Ingalls's Ballistic Tables 8vo, 
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Ingalls's Handbook of Problems in Direct Fire 8vo, 

Mnhan's Advanced Guard 18mo, 

Maban's Permanent Fortifications. (Mercur.).8vo, half morocco, 

Mercur's Attack of Fortified Places 12mo, 

Mercur's Elements of the Art of War 8vo, 

Metcalfe's Ordnance and Gunnery 12ino, with Atlas, 

Murray's A Manual for Courts-Martial 18mo, morocco, 

"• Infantry Drill Regulations adapted to the Springfield 

Rifle, Caliber .45 18mo, paper, 

Phelps's Practical Marine Surveying 8vo, 

Powell's Army Officer's Examiner 12mo, 

Reed's Signal Service 

Sharpe's Subsisting Armies 18mo, morocco, 

Very's Navies of the World. 8vo, half morocco, 

Wheeler's Siege Operations 8vo, 

Winthrop's Abridgment of Military Law 12mo, 

Woodhull's Notes on Military Hygiene 12mo, morocco, 

Young's Simple Elements of Navigation.. 12mo, morocco flaps, 

" " " " first edition 

ASSAYING. 

Smelting— Ore Dressing— Alloys, Etc. 

Fletcher's Quant. Assaying with the Blowpipe.. 12mo, morocco, 1 50 

Furman's Practical Assaying * 8vo, 3 00 

Kunhardt's Ore Dressing 8vo, 1 50 

* Mitchell's Practical Assaying. (Crookes.) 8vo, 10 00 

O'Driscoll's Treatment of Gold Ores • 8vo, 2 00 

Ricketts and Miller's Notes on Assaying 8vo, 3 00 

Thurston's Alloys, Brasses, and Bronzes 8vo, 2 50 

Wilson's Cyanide Processes 12mo, 1 50 

" The Chlorination Process.. 12mo, 150 

ASTRONOMY. 

Practical, Theoretical, and Descriptive. 

Craig's Azimuth 4to, 3 50 

Doolittle's Practical Astronomy 8vo, 4 00 

Gore's Elements of Geodesy 8vo, 2 50 

Michie and Harlow's Practical Astronomy 8vo, 3 00- 

White's Theoretical and Descriptive Astronomy 12mo, 2 00 

3 



BOTANY. 

Gardening for Ladies, Etc. 

Baldwin's Orchids of New England 8vo, $1 50 

Loudon's Gardening for Ladies. (Downing.) 12mo, 1 50 

Thome's Structural Botany 18mo, 2 25 

Westermaier's General Botany. (Schneider.) 8vo, 2 00 

BRIDGES, ROOFS, Etc. 

Cantilever — Draw— Highway— Suspension. 
(See also Engineering, p. 6.) 

Boiler's Highway Bridges 8vo, 2 00 

* " The Thames River Bridge 4to, paper, 5 00 

Burr's Stresses in Bridges. 8vo, 3 50 

Crehore's Mechanics of the Girder 8vo, 5 00 

Dredge's Thames Bridges 7 parts, per part, 1 25 

Du Bois's Stresses in Framed Structures 4to, 10 00 

Foster's Wooden Trestle Bridges 4to, 5 00 

Greene's Arches in Wood, etc 8vo, 2 50 

* ' Bridge Trusses 8vo, 2 50 

". Roof Trusses 8vo, 1 25 

Howe's Treatise on Arches 8vo, 4 00 

Johnson's Modern Framed Structures .4to, 10 00 

Merriman & Jacoby's Text-book of Roofs and Bridges. 

Part I., Stresses 8vo, 2 50 

Merriman & Jacoby's Text-book of Roofs and Bridges. 

Part II., Graphic Statics 8vo, 2 50 

Merriman & Jacoby's Text-book of Roofs and Bridges. 

Part III., Bridge Design Svo, 2 50 

Merriman & Jacoby's Text-book of Roofs and Bridges. 

Part IV., Continuous, Draw, Cantilever, Suspension, and 

Arched Bridges 8vo, 

* Morison's The Memphis Bridge Oblong 4to, 

Waddell's Iron Highway Bridges 8vo, 

" De Pontibus (a Pocket-book for Bridge Engineers). 

Wood's Construction of Bridges and Roofs 8vo, 

Wright's Designing of Draw Spans 8vo, 
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CHEMISTRY. 

Qualitative — Quantitative — Organic— Inokganic, Etc. 

Adriance's Laboratory Calculations.. . » .12mo, 

Allen's Tables for Iron Analysis 8vo, 

Austen's Notes for Chemical Students 12mo, 

Bolton's Student's Guide in Quantitative Analysis 8vo, 

Classen's Analysis by Electrolysis. (Herrick and Boltwood.).8vo, 

Crafts's Qualitative Analysis. (Schaeffer.) 12mo, 

Drechsel's Chemical Reactions. (Merrill.) 12ino, 

Fresenius's Quantitative Chemical Analysis. (Allen.) 8vo, 

Qualitative " " (Johnson.) 8vo, 

(Wells) Trans. 16th. 

German Edition 8vo, 

Fuerte's Water and Public Health 12mo, 

Gill's Gas and Fuel Analysis , 12rao, 

Hammarsten's Physiological Chemistry. (Maudel.) 8vo, 

Helm's Principles of Mathematical Chemistry. (Morgan). 12mo, 

Kolbe's Inorganic Chemistry 12mo, 

Ladd's Quantitative Chemical Analysis 12mo. 

Landauer's Spectrum Analysis. (Tingle.) 8vo, 

Mandel's Bio-chemical Laboratory 12mo, 

Mason's Water-supply 8vo, 

•' Analysis of Potable Water. (In Hie press.) 

Miller's Chemical Physics .8vo, 

Mixter's Elementary Text-book of Chemistry 12mo, 

Morgan's The Theory of Solutions and its Results 12mo, 

Nichols's Water-supply (Chemical and Sanitary) 8vo, 

O'Brine's Laboratory Guide to Chemical Analysis 8vo, 

Perkins's Qualitative Analysis 12mo, 

Pinner's Organic Chemistry. (Austen.) 12mo, 

Poole's Calorific Power of Fuels 8vo, 

Ricketts and Russell's Notes on Inorganic Chemistry (Non- 
metallic) Oblong 8vo, morocco, 

Ruddiman's Incompatibilities in Prescriptions 8vo, 

Schimpf s Volumetric Analysis 12mo, 

Spencer's Sugar Manufacturer's Handbook . 12mo, morocco flaps, 

" Handbook for Chemists of Beet Sugar House. 

12rao, morocco, 3 00 
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Stockbridge's Rocks and Soils 8vo, 

Troilius's Chemistry of Iron 8vo, 

Wells's Qualitative Analysis 12mo. 

Wiedemann's Chemical Lecture Notes 12rao, 

" Sugar Analysis , 8vo, 

Wulling's Inorganic Phar. and Med. Chemistry 12mo, 

DRAWING. 

Elementary — Geometrical— Topographical. 

Hill's Shades and Shadows and Perspective 8vo, 2 00 

MacCord's Descriptive Geometry 8vo, 3 00 

MacCord's Kinematics 8vo, 5 00 

" Mechanical Drawing 8vo, 4 00 

Mahan's Industrial Drawing. (Thompson.) 2 vols., 8vo, 3 50 

Reed's Topographical Drawing. (II. A.) 4to, 5 00 

Reid's A Course in Mechanical Drawing 8vo. 2 00 

' ' Mechanical Drawing and Elementary Mechanical Design. 

8vo. 

Smith's Topographical Drawing. (Macmillan.) 8vo, 2 50 

Warren's Descriptive Geometry. 2 vols., 8vo, 3 50 

" Drafting Instruments 12mo, 1 25 

" Free-hand Drawing * 12ino, 1 00 

". Higher Linear Perspective 8vo, 3 50 

" Linear Perspective 12mo, 1 00 

" Machine Construction 2 vols., 8vo, 7 50 

" Plane Problems , 12mo, 1 25 

" Primary Geometry 12mo, 75 

" Problems and Theorems 8vo, 2 50 

" Projection Drawing 12mo, 150 

Shades and Shadows 8vo, 3 00 

" Stereotomy—Stoue Cutting. 8vo, 2 50 

Whelpley's Letter Engraving 12mo, 2 00 

ELECTRICITY AND MAGNETISM. 

Illumination— Batteries — Physics. 
Anthony and Brackett's Text- book of Physics (Magie). . . 8vo, 4 00 

Barker's Deep-sea Soundings 8vo, 2 00 

Benjamin's Voltaic Cell 8vo, 3 00 

" History of Electricity 8vo 3 00 
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Cosmic Law of Thermal Repulsion 18mo, $ 75 

Crehore and Squier's Experiments with a New Polarizing Photo- 
Chronograph 8vo, 

* Dredge's Electric Illuminations 2 vols., 4to, half morocco, 

Vol.11 ..4to, 

Gilbert's De magnete. (Mottelay.) 8vo, 

Holmau's Precision of Measurements 8vo, 

Michie's Wave Motion Relating to Sound and Light, 8vo, 

Morgan's The Theory of Solutions and its Results 12mo, 

Niaudet's Electric Batteries. (Fishback.). .12mo, 

Reagan's Steam and Electrical Locomotives 12mo, 

Thurston's Stationary Steam Engines for Electric Lighting Pur- 
poses 12mo, 

Tillman's Heat 8vo, 

ENGINEERING. 
Civil — Mechanical— Sanitary, Etc. 

tfke also Bridges, p. 4 ; Hydraulics, p. 8 ; Materials op En- 
gineering, p. 9 ; Mechanics and Machinery, p. 11 ; Steam Engines 
and Boilers, p. 14.) 

Baker's Masonry Construction 8vo, 5 00 

Baker's Surveying Instruments. 12mo, 3 00 

Black's U. S. Public Works 4to, 5 00 

Brook's Street Railway Locatiou ,12mo, morocco, 1 50 

Butts's Engineer's Field-book 12mo, morocco, 2 50 

Byrne's Highway Construction .8vo, 7 50 

Carpenter's Experimental Engineering 8vo, 6 00 

Church's Mechanics of Engineering— Solids and Fluids 8vo, 6 00 

" Notes and Examples in Mechanics 8vo, 2 00 

Crandall's Earthwork Tables , 8vo, 1 50 

Crandall's The Transition Curve 12mo, morocco, 1 50 

* Dredge's Penn. Railroad Construction, etc. . . Folio, half mor., 20 00 

* Drinker's Tunnelling ■ 4to, half morocco, 25 00 

Eissler's Explosives — Nitroglycerine and Dynamite 8vo, 4 00 

Gerhard's Sanitary House Inspection 16mo, 1 00 

Godwin's Railroad Engineer's Field-book. 12mo, pocket-bk. form, 2 50 

Gore's Elements of Geodesy 8vo, 2 50 

Howard's Transition Curve Field-book 12mo, morocco flap, 1 50 

Howe's Retaining Walls (New Edition.) 12mo, 1 25 
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Hudson's Excavation Tables. Vol. II 8vo, 

Hutton's Mechanical Engineering of Power Plants 8vo, 

Johnson's Materials of Construction 8vo, 

Johnson's Stadia Reduction Diagram. .Sheet, 22| X 28* inches, 

" Theory and Practice of Surveying 8vo, 

Kent's Mechanical Engineer's Pocket-book 12mo, morocco, 

Eiersted's Sewage Disposal 12mo, 

Kirkwood's Lead Pipe for Service Pipe 8vo, 

Mahan's Civil Engineering. (Wood.) • 8vo, 

Merriman and Brook's Handbook for Surveyors. . . .12mo, mor., 

Merriman's Geodetic Surveying 8vo, 

" Retaining Walls and Masonry Dams 8vo, 

Mosely's Mechanical Engineering. (Mahan.) 8vo, 

Nagle's Manual for Railroad Engineers 12mo, morocco, 

Patton's Civil Engineering 8vo, 

" Foundations • 8vo, 

Rockwell's Roads and Pavements in France 12mo, 

Ruffner's Non-tidal Rivers: , 8vo, 

Searles's Field Engineering 12mo, morocco flaps, 

" Railroad Spiral 12mo, morocco flaps, 

Siebert and Biggin's Modem Stone Cutting and Masonry. . .8vo, 
Smith's Cable Tramways 4to, 

" Wire Manufacture and Uses 4to, 

Spalding's Roads and Pavements 12mo, 

" Hydraulic Cement 12mo, 

Thurston's Materials of Construction 8vo, 

* Trautwine's Civil Engineer's Pocket-book. ,.12mo, mor. flaps, 

* " Cross-section Sheet, 

* " Excavations and Embankments 8vo, 

* " Laying Out Curves 12mo, morocco, 

Waddell's De Pontibus (A Pocket-book for Bridge Engineers). 

12mo, morocco, 

Wait's Engineering and Architectural Jurisprudence 8vo, 

Sheep, 

Warren's Stereotomy— Stone Cutting 8vo, 

Webb's Engineering Instruments 12mo, morocco, 

Wegmann's Construction of Masonry Dams 4to, 

Wellington's Location of Railways 8vo, 

8 



«1 00 


5 00 


6 00 


50 


4 00 


500 


1 25 


1 50 


500 


200 


2 00 


2 00 


500 


3 00 


w 7 50 


5 00 


1 25 


1 25 


3 00 


1 50 


1 50 


2 50 


300 


2 00 


2 00 


5 00 


5 00 


25 


2 00 


2 50 


3 00 


6 00 


6 50 


2 50 


1 00 


5 00 


5 00 



Wheelens Civil Engineering 8vo, $4 00 

Wolff's Windmill as a Prime Mover 8vo, 8 00 

HYDRAULICS. 
Water-wheels— Windmills— Service Pipe— Drainage, Etc. 
(See also Engineering, p. 6.) 
Bazin's Experiments upon the Contraction of the Liquid Vein 

(Trautwine) 8vo, 2 00 

Bovey 's Treatise on Hydraulics 8vo, 4 00 

Coffin's Graphical Solution of Hydraulic Problems 12mo, 2 50 

Fen-el's Treatise on the Winds, Cyclones, and Tornadoes. . .bvo, 4 00 

Fuerte's Water and Public Health 12mo, 1 50 

Oanguillet&Kutter'sFlowof Water. (Hering& Trautwine. ).8vo, 4 00 

Hazen's Filtration of Public Water Supply 8vo, 2 00 

Herschel's 115 Experiments 8vo, 2 00 

Kiersted's Sewage Disposal 12mo, 1 25 

Kirkwood's Lead Pipe for Service Pipe 8vo, 1 50 

Mason's Water Supply 8vo, 5 00 

Merriman's Treatise on Hydraulics. . , 8vo, 4 00 

Nichols's Water Supply (Chemical and Sanitary) 8vo, 2 50 

Ruffner's Improvement for Non-tidal Rivers 8vo, 1 25 

Wegmann's Water Supply of the City of New York 4to, 10 00 

Weisbach's Hydraulics. (Du Bois.) 8vo, 5 00 

Wilson's Irrigation Engineering 8vo, 4 00 

Wolff's Windmill as a Prime Mover 8vo, 3 00 

Wood's Theory of Turbines 8vo, 2 50 

MANUFACTURES. 

Aniline— Boilers— Explosives— Iron— Sugar— Watches — 
Woollens, Etc. 

Allen's Tables for Iron Analysis 8vo, 8 00 

Beaumont's Woollen and Worsted Manufacture 12mo, 1 50 

Bolland's Encyclopaedia of Founding Terms 12mo, 3 00 

The Iron Founder 12mo, 2 50 

" " " " Supplement 12mo, 2 50 

Booth's Clock and Watch Maker's Manual 12mo, 2 00 

Bouvier's Handbook on Oil Painting 12mo, 2 00 

Eissler's Explosives, Nitroglycerine and Dynamite 8vo, 4 00 

Ford's Boiler Making for Boiler Makers 18mo, 1 00 

Metcalfe's Cost of Manufactures 8vo, 5 00 
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Metcalf 's Steel— A Manual for Steel Users '. 12mo, 

Reimann's Aniline Colors. (Crookes.) 8vo, 

* Reisig's Guide to Piece Dyeing 8vo, 

Spencer's Sugar Manufacturer's Handbook. . . .12mo, inor. flap, 
•' Handbook for Chemists of Beet Houses. 

12mo, nior. flap, 

Svedelius's Handbook for Cbarcoal Burners 12mo, 

The Lathe and Its Uses 8vo, 

Thurston's Manual of Steam Boilers 8vo, 

Walke's Lectures on Explosives 8vo, 

West's American Foundry Practice '. . . .12mo, 

44 Moulder's Text-book 12mo, 

Wiechmann's Sugar Analysis 8vo, 

Woodbury's Fire Protection of Mills 8vo, 

MATERIALS OF ENGINEERING. 

Stbeh gth — El A8TICITY— Resist ance, Etc. 
(See also Engineering, p. 6.) 

Baker's Masonry Construction 8vo, 

Beardslee and Kent's Strength of Wrought Iron 8vo, 

Bovey's Strength of Materials .8vo, 

Burr's Elasticity and Resistance of Materials 8vo, 

Byrne's Highway Construction 8vo, 

Carpenter's Testing Machines and Methods of Testing Materials. 

Church's Mechanics of Engineering — Solids and Fluids 8vo, 

Du Bois's Stresses in Framed Structures 4to, 

Hatfield's Transverse Strains 8vo, 

Johnson's Materials of Construction 8vo, 

Lanza's Applied Mechanics 8vo, 

" Strength of Wooden Columns 8vo, paper, 

Merrill's Stones for Building and Decoration 8vo, 

Merriinan's Mechanics of Materials 8vo, 

Strength of Materials 12mo, 

Patton's Treatise on Foundations 8vo, 

Rockwell's Roads and Pavements in France 12mo, 

Spalding's Roads and Pavements 12mo, 

Thurston's Materials of Construction 8vo, 

10 
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Thurston's Materials of Eugiueeriug 3 vols., 8vo, $8 00 

Vol. I, Non-metallic ; 8vo, 2 00 

Vol. II., Iron and Steel 8vo, 3 50 

Vol. III., Alloys, Brasses, and Bronzes ...*... .8vo, 2 50 

Weyrauch's Strength of Iron and Steel. (Du Bois.) 8vo, 1 50 

Wood's Resistance of Materials. 8vo, 2 00 

MATHEMATICS. 

Calculus— Gkomktby — Trigonometry, Etc. 

Baker's Elliptic Functions 8vo, 1 50 

Ballard's Pyramid Problem .8vo, 1 50 

Barnard's Pyramid Problem 8vo, 1 50 

Bass's Differential Calculus 12mo, 4 00 

Brigg's Plane Analytical Geometry 12mo, 1 00 

Chapman's Theory of Equations 12mo, 1 50 

Chessin's Elements of the Theory of Functions. 

Compton's Logarithmic Computations 12mo, 1 50 

Craig's Linear Differential Equations 8vo, 5 00 

Davis's Introduction to the Logic of Algebra 8vo, 1 50 

Halsted's Elements of Geometry 8vo, 1 75 

" Synthetic Geometry 8vo, 150 

Johnson's Curve Tracing 12mo, 1 00 

" Differential Equations— Ordinary aud Partial 8vo, 3 50 

" Integral Calculus 12mo, 1 50 

«• " " Unabridged. 

" Least Squares 12mo, 1 50 

Ludlow's Logarithmic and Other Tables. (Bass.) 8vo, 2 GO 

Trigonometry with Tables. (Bass.) 8vo, 3 00 

Mahan's Descriptive Geometry (Stone Cutting) 8vo, 1 50 

Merriman and Woodward's Higher Mathematics 8vo, 5 00 

Merriman's Method of Least Squares 8vo, 2 00 

Parker's Quadrature of the Circle 8vo, 2 50 

Rice and Johnson's Differential and Integral Calculus, 

2 vols, iul, 12mo, 2 50 

Differential Calculus 8vo, 3 00 

" Abridgment of Differential Calculus.... 8vo, 150 

Searles's Elements of Geometry 8vo, 1 50 

Totteu's Metrology 8vo, 2 50 

Warren's Descriptive Geometry 2 vols., 8vo, 3 50 

" Drafting Instruments 12mo, 1 25 

" Free-hand Drawing 12mo, 1 00 

" Higher Linear Perspective .8vo, 3 50 

" Linear Perspective 12mo, 100 

'• Primary Geometry 12mo, 75 
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Warren's Plane Problems. 12mo, $1 25 

" Plane Problems 12mo, 1 25 

•' Problems and Theorems 8vo, 2 50 

" Projection Drawing. 12mo, 1 50 

Wood's Co-ordinate Geometry 8vo, 2 00 

" Trigonometry 12mo, 100 

Woolf's Descriptive Geometry Royal 8vo, 3 00 

MECHANICS- MACHINERY. 

Tbxt-books and Practical Works. 
(See also Engineering, p. 6.) 

Baldwin's Steam Heating for Buildings 12mo, 

Benjamin's Wrinkles and Recipes 12ino, 

Carpenter's Testing Machines and Methods of Testing 

Materials 8vo. 

Chordal's Letters to Mechanics 12mo, 

Church's Mechanics of Engineering 8vo, 

" Notes and Examples in Mechanics 8vo, 

Crehore's Mechanics of the Girder 8vo, 

Cromwell's Belts and Pulleys. . . . 12mo, 

" Toothed Gearing 12mo, 

Oompton's First Lessons in Metal Working 12mo, 

Dana's Elementary Mechanics 12mo, 

Dingey's Machinery Pattern Making * 12mo, 

Dredge's Trans. Exhibits Building, World Exposition, 

4to, half morocco, 

Du Bois's Mechanics. Vol. I., Kinematics .8vo, 

Vol. II., Statics 8vo, 

Vol. III., Kinetics 8vo, 

Fitzgerald's Boston Machinist 18mo, 

Flather's Dynamometers 12mo, 

" Rope Driving 12mo, 

Hall's Car Lubrication. . . . 12mo, 

Holly's Saw Filing 18mo, 

Johnson's Theoretical Mechanics. An Elementary Treatise. 
(In the press.) 

Jones Machine Design. Part I., Kinematics 8vo, 1 50 

" ■ " " Part II., Strength and Proportion of 

Machine Parts. 

Lanza's Applied Mechanics 8vo, 7 50 

MacCord's Kinematics 8vo, 5 00 

Merriman's Mechanics of Materials 8vo, 4 00 

Metcalfe's Cost of Manufactures 8vo, 5 00 

Michie's Analytical Mechanics , 8vo, 4 00 
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Mosely's Mechanical Engineering. (Mahan.) 8vo. $5 00 

Richards's Compressed Air 12mo, 1 50 

Robinson's Principles of Mechanism 8vo, 8 00 

Smith's Press-working of Metals. . : 8vo, 8 00 

The Lathe and Its Uses 8vo, 6 00 

Thurston's Friction and Lost Work .8vo, 3 00 

" The Animal as a Machine 12mo, 1 00 

Warren's Machine Construction 2 vols., 8vo, 7 50 

Weisbach's Hydraulics and Hydraulic Motors. (Du Bois.)..8vo, 5 00 
11 Mechanics of Engineering. Vol. III., Part I., 

Sec. I. (Klein.) 8vo, 5 00 

Weisbach's Mechanics of Engineering. Vol. III., Part I., 

Sec.II. (Klein.) 8vo, 5 00 

Weisbach's Steam Engines. (Du Bois.). , 8vo, 5 00 

Wood's Analytical Mechanics 8vo, 3 00 

" Elementary Mechanics 12mo, 125 

Supplement and Key 1 25 

METALLURGY. 

Iron— Gold— Silver— Alloys, Etc. 

Allen's Tables for Iron Analysis 8vo, 3 00 

Egle6ton's Gold and Mercury 8vo, 7 50 

Metallurgy of Silver 8vo, 7 50 

* Kerl's Metallurgy — Copper and Iron 8vo, 15 00 

* " " Steel, Fuel, etc 8vo, 15 00 

Kunhardt's Ore Dressing in Europe 8vo, 1 50 

Metcalf Steel— A Manual for Steel Users 12mo, 2 00 

O'Driscoll's Treatment of Gold Ores 8vo, 2 00 

Thurston's Iron and Steel 8vo, 8 50 

Alloys ' 8vo, 2 50 

Wilson's Cyanide Processes 12mo, 1 50 

MINERALOGY AND MINING. 

Mine Accidents — Ventilation— Ore Dressing, Etc. 

Barringer's Minerals of Commercial Value. . . .oblong morocco, 2 50 

Beard's Ventilation of Mines .12mo, 2 50 

Boyd'js Resources of South Western Virginia 8vo, 8 00 

" Map of South Western Virginia Pocket-book form, 2 00 

Brush and Peufield's Determinative Mineralogy 8vo, 8 50 

Chester's Catalogue of Minerals 8vo, 1 25 

" " " " paper, 50 

1 * Dictionary of the Names of Minerals 8vo, 8 00 

Dana's American Localities of Minerals 8vo, 1 00 
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Dana's Descriptive Mineralogy. (E. S.) 8ro, half morocco, $12 50 

" Mineralogy ami Petrography (J.D.) 12mo, 2 00 

" Minerals and How to Study Them. (E. S.) 12mo, 1 50 

" Text-book of Mineralogy. (E. S. ) 8vo, 8 50 

♦Drinker's Tunnelling, Explosives, Compounds* and Rock Drills. 

4 to, half morocco, 25 00 

Egleston's Catalogue of Minerals and Synonyms : .8vo, 2 50 

Eissler's Explosives — Nitroglycerine and Dynamite 8vo, 4 00 

Goodyear's Coal Mines of the Western Coast 12mo, 2 50 

Hussak's Rock- forming Minerals. (Smith.) 8vo, 2 00 

Ihlseng's Manual of Mining .8vo, 4 00 

Kunhardt's Ore Dressing in Europe 8vo, 1 50 

O'Driscoll's Treatment of Gold Ores 8vo, 2 00 

Rosenbusch's Microscopical Physiography of Minerals and 

Rocks. (Iddiugs.) 8vo, 5 00 

Sawyer's Accidents in Mines 8vo, 7 00 

Stockbridge's Rocks and Soils 8vo, 2 50 

Walke's Lectures on Explosives , .8vo, 4 00 

Williams's Lithology 8vo, 8 00 

Wilson's Mine Ventilation 16mo, 1 25 

" Placer Mining 12mo. 

STEAM AND ELECTRICAL ENGINES, BOILERS, Etc. 

Stationary— Marine— Locomotive— Gas Engines, Etc. 

(See also Engineering, p. 6.) 

Baldwin's Steam Heating for Buildings 12mo, 2 50 

Clerk's Gas Engine 12mo, 4 00 

Ford's Boiler Making for Boiler Makers 18mo, 1 00 

Hemenway's Indicator Practice. . * 12mo, 2 00 

Hoadley's Warm-blast Furnace 8vo, 1 50 

Kneass's Practice and Theory of the Injector 8vo, 1 50 

MucCord's Slide Valve 8vo, 2 00 

* Maw's Marine Engines Folio, half morocco, 18 00 

Meyer's Modern Locomotive Construction 4to, 10 00 

Peabody and Miller's Steam Boilers 8vo, 4 00 

Peabody's Tables of Saturated Steam 8vo, 1 00 

" Thermodynamics of the Steam Engine 8vo, 5 00 

" Valve Gears for the Steam Engine 8vo, • 2 50 

Pray's Twenty Years with the Indicator Royal 8vo, 2 50 

Pupin and Osterberg's Thermodynamics 12mo, 1 25 

Reagan's Steam and Electrical Locomotives 12mo, 2 00 

ROntgen's Thermodynamics. (Du Bois.) 8vo, 5 00 

Sinclair's Locomotive Running 12mo, 2 00 

Thurston's Boiler Explosion 12mo, 1 50 
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Thurston's Engine and Boiler Trials 8vo, $5 00 

" Manual of the Steam Engine. Part I., Structure 

and Theory 8vo, 7 50 

" Manual of the Steam Engine. Part II., Design, 

Construction, and Operation 8vo, 7 50 

2 parts, 12 00 

" Philosophy of the Steam Engine 12mo, 75 

" Reflection on the Motive Power of Heat. (Carnot.) 

12mo. 1 50 

" Stationary Steam Engines 12mo, 1 50 

• 4 Steam-boiler Construction and Operation 8vo, 5 00 

Spangler's Valve Gears 8vo, 2 50 

Trowbridge's Stationary Steam Engines 4to, boards, 2 50 

Weisbach's Steam Engine. (Du Bois.) 8vo, 5 00 

Whitham's Constructive Steam Engineering 8vo, 10 00 

Steam-engine Design 8vo, 6 00 

Wilson's Steam Boilers. (Plather. ) 12mo, 2 50 

Wood's Thermodynamics, Heat Motors, etc 8vo, 4 00 

TABLES, WEIGHTS, AND MEASURES. 

For Actuaries, Chemists, Engineers, Mechanics— Metric 
Tables, Etc. 

Adriance's Laboratory Calculations 12mo, 1 25 

Allen's Tables for Iron Analysis 8vo, 3 00 

Bixby's Graphical Computing Tables .Sheet, 25 

Compton's Logarithms 12mo, 1 50 

Crandall's Railway and Earthwork Tables 8vo, 1 50 

Egleston's Weights and Measures 18mo, 75 

Fisher's Table of Cubic Yards Cardboard, 25 

Hudson's Excavation Tables. Vol. II 8vo, 1 00 

Johnson's Stadia and Earthwork Tables 8vo, 1 25* 

Ludlow's Logarithmic and Other Tables. (Bass.) 12mo, 2 00 

Thurston's Conversion Tables. 8vo, 1 00 

Totten's Metrology 8vo, 2 50 

VENTILATION. 

Steam Heating — House Inspection — Mine Ventilation. 

Baldwin's Steam Heating 12mo, 2 50 

Beard's Ventilation of Mines. 12mo, 2 50 

Carpenter's Heating and Ventilating of Buildings 8vo, 3 00 

Gerhard's Sanitary House Inspection Square 16mo, 1 00 

Mott's The Air We Breathe, and Ventilation 16mo, 1 00 

Reid's Ventilation of American Dwellings 12 mo, 1 50 

Wilson's Mine Ventilation 16mo, 1 25 
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niSCELLANEOUS PUBLICATIONS. 

Alcott's Gems, Sentiment, Language Gilt edges, 

Bailey's The New Tale of a Tub .8vo, 

Ballard's Solution of the Pyramid Problem 8vo, 

Barnard's The Metrological System of the Great Pyramid. .8vo, 

Davis's Elements of Law 8vo, 

Emmon's Geological Guide-book of the Rocky Mountains. .8vo, 

Ferrel's Treatise on the Winds 8vo, 

Haines's Addresses Delivered before'the Am. Ry. Assn. ..12mo. 
Mott's The Fallacy of the Present Theory of Sound. .Sq. Ktoio, 

Perkins's Cornell University Oblong 4to, 

Ricketts's Histoiy of Rensselaer Polytechnic Institute 8vo, 

Rotherham's The New Testament Critically Emphasized. 

12mo, 
" The Emphasized New Test. A new translation. 

Large 8vo, 

Totten's An Important Question in Metrology 8vo, 

Whitehouse's Lake Mceris Paper, 

* Wiley's Yosemite, Alaska, and Yellowstone 4to, 

HEBREW AND CHALDEE TEXT-BOOKS. 

For Schools and Theological Seminaries. 

Gesenius's Hebrew and Chaldee Lexicon to Old Testament. 

(Tregelles.) Small 4to, half morocco, 5 00 

Green's Elementary Hebrew Grammar. 12mo, 1 25- 

" Grammar of the Hebrew Language (New Edition). 8vo, 8 00 

" Hebrew Chrestomathy 8vo, 2 00 

Letteris's Hebrew Bible (Massoretic Notes in English). 

8vo, arabesque, 2 25- 
Luzzato's Grammar of the Biblical Chaldaic Language and the 

Talmud Babli Idioms 12mo, 1 50 

MEDICAL. 

Bull's Maternal Management in Health and Disease 12rao, 1 00 

Hammarsten's Physiological Chemistry. (Maudel.) 8vo, 4 00 

Mott's Composition, Digestibility, and Nutritive Value of Food. 

Large mounted chart, 1 2J> 

Ruddiman's Incompatibilities in Prescriptions 8vo, 2 OO 1 

Steel's Treatise on the Diseases of the Ox 8vo, 6 Oft 

Treatise on the Diseases of the Dog 8vo, 8 50 

Worcester's Small Hospitals — Establishment and Maintenance, 
including Atkinson's Suggestions for Hospital Archi- 
tecture 12mo, 1 2& 
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